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Quantitative Automata

• Value function 𝑓 ∈ {Inf, Sup, LimInf, LimSup, DSum, LimInfAvg, LimSupAvg}

• 𝒜 𝑤 =  sup 𝑓 𝜌  𝜌 is an accepting run of 𝒜 on 𝑤}

Example (average utilization rate).

2Chatterjee, Doyen, and Henzinger, “Quantitative Languages”, CSL 2008.

𝑤1 = 𝑜 𝑟 𝑔 𝜔

LimSupAvg( 0 1 1 𝜔) =
2

3

𝑤2 =  𝑜 𝑟 𝑔 𝑜 𝑜 𝑟 𝑔 𝑜 𝑜 𝑜 𝑜 𝑟 𝑔 …
LimSupAvg 0 1 1 0 0 1 1 0 0 0 0 1 1 … = 0

𝑓 = LimSupAvg
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Finitely many transitions with finite weights

↓
Bounded functions

𝑓 = LimSupAvg



Nested Quantitative Automata

• NQA 𝔸 = (𝒫, 𝒞1, … , 𝒞𝑚)

• Parent value function 𝑓 ∈ {Inf, Sup, LimInf, LimSup, LimInfAvg, LimSupAvg}

• Child value function 𝑔 ∈ {Min, Max, SumB, Sum+, Sum−}

• 𝔸 𝑤 =  sup 𝑓 𝜌  𝜌 is an accepting run of 𝒫 on 𝑤 where all children terminate}

Example (average response time).

4Chatterjee, Henzinger, and Otop, “Nested Weighted Automata”, LICS 2015.

𝑓 = LimSupAvg
𝑔 = Sum+



QuAK: Quantitative Automata Kit
github.com/ista-vamos/quak

• First tool for quantitative automata

• No dependencies beyond the C++ standard library

5
Chalupa, Henzinger, Mazzocchi, and Saraç, “QuAK: Quantitative Automata Kit”, ISoLA 2024.

Chalupa, Henzinger, Mazzocchi, and Saraç, “Automating the Analysis of Quantitative Automata with QuAK”, TACAS 2025.

Is 𝒜 𝑤 ≤ ℬ 𝑤  for all 𝑤 ∈ Σ𝜔?
Compute sup

𝑤∈Σ𝜔
𝒜 𝑤

https://github.com/ista-vamos/quak
https://github.com/ista-vamos/quak
https://github.com/ista-vamos/quak
https://github.com/ista-vamos/quak
https://github.com/ista-vamos/quak
https://github.com/ista-vamos/quak


Contribution
github.com/ista-vamos/nested-quak
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First tool support for

nested quantitative automata

Chatterjee, Henzinger, and Otop, “Nested Weighted Automata”, LICS 2015.

NQA 𝔸 → QA 𝒜 s.t.

𝔸 𝑤 ≥ 𝜆 for some (resp. all) 𝑤 ∈ Σ𝜔 iff 𝒜 𝑤 ≥ 𝜆′ for some (resp. all) 𝑤 ∈ Σ𝜔 

https://github.com/ista-vamos/nested-quak
https://github.com/ista-vamos/nested-quak
https://github.com/ista-vamos/nested-quak
https://github.com/ista-vamos/nested-quak
https://github.com/ista-vamos/nested-quak
https://github.com/ista-vamos/nested-quak
https://github.com/ista-vamos/nested-quak


Flattening

Regular flattening

• Exact return value of every active child
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𝑟 𝑜 𝑜 𝑜 𝑟 𝑜 𝑜 𝑜 . . . 

spawn 𝒞1;

guess ret. val. 

1

…

𝑘

spawn 𝒞2; guess ret. val. 

spawn 𝒞2; guess ret. val. 
…

1…

𝑘

1…

𝑘

…

…

…

…



Flattening

Regular flattening

• Exact return value of every active child

Example shortcut for 𝐒𝐮𝐩, 𝐒𝐮𝐦+  emptiness

• ∃𝑤 ∶ 𝔸 𝑤 ≥ 𝜆 ⇔ there is an accepting run on which some child returns ≥ 𝜆
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…

…

…

𝑟 𝑜 𝑜 𝑜 𝑟 𝑜 𝑜 𝑜 . . . 

spawn 𝒞1:

• select as witness

• do not select

spawn 𝒞2, track it for termination 

spawn 𝒞2:

• select as witness

• do not select



Experiments: Response Time

NQA 𝔸𝑛,𝑘 = 𝒫𝑛,𝑘 , 𝒞

• At most 𝑛 requests simultaneously active, each granted within 𝑘 steps
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𝑔 = Sum+

𝑓 = Sup → maximal response time 

𝑓 = LimSupAvg → average response time 



Experiments: Response Time
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m: out of memory (30 GB)

t: out of time (300 seconds)

Is 𝔸 𝑤 ≥ 𝑘 for some 𝑤 ∈ Σ𝜔? Is 𝔸 𝑤 ≥ 𝑘 for some 𝑤 ∈ Σ𝜔? Is 𝔸 𝑤 ≥ 1 for all 𝑤 ∈ Σ𝜔?
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Experiments: Response Time
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Conclusion
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Contribution

• First tool for analyzing nested quantitative automata

Future Work

• Symbolic algorithms

• Expressive and tractable fragments

Thank you!
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C++ library

CLI



QuAK: Quantitative Automata Kit
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Experiments: Resource Consumption

NQA 𝔹𝑛,𝑘 = (𝒬𝑛,𝑘 , 𝒟1, … , 𝒟𝑛)

• 𝑛 processes running concurrently, using a set of 𝑘 resources
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𝑔 = Max
(self loops with non-𝑖 letters are omitted)

(sink state and transitions are omitted)



Experiments: Resource Consumption
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m: out of memory (30 GB)

t: out of time (300 seconds)

Is 𝔸 𝑤 ≥ 𝑘 for some 𝑤 ∈ Σ𝜔? Is 𝔸 𝑤 ≥ 𝑘 for some 𝑤 ∈ Σ𝜔?
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