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—— Abstract

Runtime monitoring of quantitative signals faces a fundamental trade-off between volatility and over-
aggregation: instantaneous observations are noisy, while long-run averages obscure local structure.
Localisation measures such as discounted averages offer a principled middle ground, yet remain
poorly understood in runtime verification. This paper studies discounted sums from a monitoring
perspective, in both deterministic and stochastic settings. We formalize the discounted monitoring
problem and show that exact, sound monitoring of discounted sums cannot be achieved with finite
memory. To overcome this impossibility, we introduce e-approximately sound monitoring, deriving
explicit bounds on memory and observation requirements. We then extend the framework to
stochastic processes via expected discounted sums, defining pointwise and uniform (e, §)-soundness
notions, establishing statistical optimality, and proving impossibility beyond a precision threshold.
We also formalize the resource complexity of deterministic discounted monitoring via affine register
machines and prove a tight worst-case lower bound. Finally, we present a specification language for
arithmetic expressions over multiple discounted sums with synchronous and asynchronous semantics,
and evaluate our approach on practical scenarios including algorithmic fairness.
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1 Introduction

Runtime monitoring is a central problem in modern computer science, with applications
across systems, networks, machine learning, security, and cyber-physical systems [5, 34].
Traditionally, it has focused either on instantaneous properties or long-run behaviors. However,
for quantitative signals, such as CPU temperature, model accuracy, or algorithmic fairness,
there is a tension: single observations are noisy, while long-run aggregates can obscure local
structure. We illustrate this trade-off with the following motivating examples.

(i) CPU temperature: monitoring the temperature of a CPU is essential to prevent hardware
damage; the conundrum: a single spike that dissipates quickly may raise an undue
alarm, yet aggregating over long stretches of time can hide sustained overheating.
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(ii) Model accuracy: monitoring a model’s accuracy is required to ensure sustained perform-
ance as distributions shift; the conundrum: one bad prediction is not indicative of the
model’s performance, yet a long-run average may fail to adapt to distribution shifts.

(iii) Algorithmic fairness: monitoring the fairness of an arbiter may uncover uneven issuing
of grants between two clients: in isolation, every grant issued to one client is maximally
unfair to the other, yet a limit average can hide the deliberate starvation of a client.

A natural way to resolve this conundrum is to use localisation measures, such as the
window average, discounted average, or, more generally, kernel-weighted averages. These are
essentially convolutions that smooth volatile signals by weighting values around a given time
point inversely with their distance. While common in time series analysis, signal processing,
and image classification, localisation measures are underexplored in runtime verification.
In this paper, we study a (seemingly) trivial and widely used localisation measure—the
discounted average—from a runtime verification perspective. Discounted monitoring faces
two fundamentally different sources of uncertainty: epistemic uncertainty from unseen past
and future values, and statistical uncertainty from noisy observations. This paper treats
both explicitly and shows that each leads to distinct impossibility thresholds.

Deterministic Discounted Monitoring. We assume a bi-infinite stream of numerical values
w = (x;);cz. Centered at time index ¢t € Z, we consider a bi-directional discounted sum, with
discount factor r € [0, 1) for the past and s € [0,1) for the future:

SPP(w) =32 ey w2 8 T (1)
past present future

» Example 1 (Decision Fairness). The stream w is a sequence of binary decisions, where
x; = 1 indicates that client 1 was granted access to the resource at time ¢, while x; = 0
indicates the same for client 0. Suppose we are at time t and client 0 was granted the
resource (so z; = 0). Normalising the discounted sum by A\™* := - + :*- + 1, we obtain
the discounted average. Then S;*(w)/A™* quantifies how fairly the arbiter treated the
clients around time t, where 0.5 indicates perfect fairness. Setting s = 0 yields a purely
backward-looking notion of fairness, whereas setting = 0 yields a forward-looking notion.
In particular, for forward-looking fairness, if the arbiter initially favours client 1, the discount

factor dictates how much it must compensate later to remain fair, if possible at all.

In discounted monitoring, time progresses and we slide the discounted sum across the value
stream, yielding the sequence of discounted property values. Without loss of generality, our
monitors start observing the stream at time 0. After each new observation at time n, the
monitor must assess, for every past index ¢ € [0;n], whether the discounted sum lies inside
or outside a target interval Z:

) S:fZ(w)7 S:fl(w)a S:’S(QU)? S:fl(w)7 S;fQ(w)v
1 bound error

W, W, *+ W1, W, — Monitor. — (€ Z?)-verdict

The fundamental challenge is epistemic uncertainty: the monitor must reason about a
function over a bi-infinite stream after observing only n values. Within this setting, we
propose a monitor that maintains, for each time index ¢, an uncertainty set containing all
possible values the full discounted sum at time ¢ could take. Although the uncertainty sets
shrink as more information becomes available, we show that the time it takes to shrink
enough to be completely inside or outside the target interval is unbounded. As a solution,
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we study monitors with a tolerance of ¢ in their verdict, and obtain an upper bound on
the number of observations required to reach a decisive verdict, enabling monitoring with
bounded resources at the cost of precision. We call these e-approximate monitors.

Statistical Discounted Monitoring. In many applications, the value stream is a realisation
of a stochastic process W = (X;);cz. In such settings, we are often interested in expected
quantities rather than noisy observations, e.g., the latent temperature or the arbiter’s
underlying propensity. This leads to our second object of study: the expected discounted sum,
defined as the bi-directional discounted sum evaluated over conditional expectations,

S;’S(W) = Zfil TiEt,ifl(Xt,i) + Etfl(Xt) + Z;.il SiEt+i,1(Xt+i) . (2)
t p t fut
pas resen uture

» Example 2 (Bias Fairness). Consider a stochastic arbiter that generates its decision X}
at time t by tossing a coin with probability P;, where P, is chosen based on the history up
to time ¢. This yields two processes: the hidden bias process U = (P;)iez and the observed
outcome process W = (Xy)iez, with E;_1(X;) = P,. If we want to assess the arbiter around
time t independently of chance, we should evaluate discounted sums (or averages) with
respect to the bias process, e.g., S;°(U) = S;*(W) rather than S;°(W).

In statistical discounted monitoring, we slide both the expected and observed discounted

sums over the stochastic stream, yielding expected and observed discounted property values.

As before, monitors start observing the realised sequence at time 0. After each new observation
at time n, the monitor must assess, for every past index ¢ € [0;n], whether the expected
discounted sum lies inside or outside a target interval Z with high probability.

T 252(W)7 :’—Sl(W%S:’S(W)? :fl(W)v :f2(W)7
1 bound deviation

) tTf2(W)7 trfl(W)astT’S(W% :fl(W)’ tTf2(W)>
1 bound error

Wo, Wy, ,Wy_1,W,, — Monitor. — (€ Z7?)-verdict

Apart from epistemic uncertainty, in this setting the extra challenge is statistical inference:
the monitor has to estimate also the deviation between the observed and expected discounted
sums. Because of the probabilistic nature of the monitored quantities, the monitor’s verdict
is accompanied by an error probability 6. Within this setting, we extend e-approximate
monitoring to the probabilistic setting, and define three notions of (g, d)-soundness with
increasing strength of guarantees: pointwise, local, and uniform; depending on whether the
probability of an error is given for each point after a fixed release time (pointwise), for each
point with flexible release time (local), or for the whole execution (uniform). As the strength
of the guarantee increases, the monitor’s precision decreases. We show that the deviation
bounds used by our pointwise sound monitors are minimax optimal, which establishes that
statistical discounted monitoring is impossible beyond a certain precision.

Generalization to Arithmetic Expressions. Many relevant quantitative properties are

naturally expressed as relations between discounted sums rather than as single aggregates.

To support discounted versions of such properties, we introduce a richer specification language
in which a monitor observes multiple outcome streams and monitors an arithmetic expression
over their discounted sums. We distinguish between synchronous and asynchronous semantics
for combining discounted sums.
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» Example 3 (Demographic Parity). So far we have assumed that both clients always request
access to the resource. We model the more general setting using the binary sequences
representing: w’! the requests of client 1, w9 the grants client 1, w™ the requests client 2,
and w92 the grants client 2. All indexed by the same global clock. Then we can express
the discounted acceptance rate, i.e., a discounted form of demographic parity [15], as the
difference between the ratios S;"*(w91)/S;*(w™) and Sy (w92) /S, (w'?).

Register Complexity. The e-approximate monitor from the deterministic setting yields a
finite observation horizon; let 7 denote the number of additional observations after which
each monitored position receives a sound verdict up to the € boundary region. This horizon
is first a delay bound: a verdict for time ¢ may require waiting until time ¢ + 7. It also serves
as a memory bound: during this waiting period, several positions may remain unresolved
simultaneously, and the monitor maintains a separate running discounted sum for each of
them. The delay bound, however, only says when verdicts are guaranteed to arrive; it does
not characterize how much information must be stored before those verdicts are reached. This
leads to the register-complexity question: can the overlapping discounted sums in general be
represented more compactly than by one running sum per pending position?

To make this question precise, we formalize monitors as affine register machines (ARMs):
finite-state monitors equipped with real-valued registers, affine updates, and linear guards. In
this model, we answer this question negatively by proving a worst-case lower bound already
for future-only monitoring. For every k, there is a future-only monitor with horizon & that
cannot be monitored by any ARM with fewer than k registers.

Experimental Evaluation. Finally, we implement our monitors on scenarios mirroring
the motivating examples, and investigate empirically how actual register use compares to
our theoretical upper bounds, and how register usage differs between synchronous and
asynchronous interpretations of arithmetic properties.

Contributions. The main contributions of this paper are as follows:

1. A formalization of the discounted monitoring problem, and a proof that exact, sound
discounted monitoring cannot be achieved with finite memory.

2. An e-approximately sound notion of discounted monitoring, accompanied by explicit
bounds on the required number of observations and registers.

3. An extension of discounted monitoring to stochastic processes via expected discounted
sums, including pointwise and uniform (e, §)-soundness notions, as well as results on
statistical optimality and impossibility beyond a precision threshold.

4. A specification language for arithmetic expressions over multiple discounted sums, sup-
porting both synchronous and asynchronous semantics.

5. A formalization of monitors as affine register machines and a tight bound on the number
of registers required for sound e-approximate monitoring in the future-only case.

6. An implementation and empirical evaluation of the proposed monitors on realistic case
studies, analyzing performance and efficiency relative to the proven worst-case guarantees.

2  Monitoring Discounted Sums

2.1 Discounted Sum Property

The main object of study in this paper is the discounted sum operator S;"*, where r, s € [0, 1)
are the past and future discount factors and ¢ € Z is a time index. It acts on bi-infinite
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sequences w = (x4)iez taking values in a nonempty bounded set R C R of diameter
dr =sup R —inf R. We call a tuple (R, r,s) an input setting. Intuitively, S;"® is centered at
t, discounting past values (i < t) by r and future values (j > t) by s. Formally, for n; <t < n,,,
let Wy, = (Tnys -+ Tp, ) and define S (wn,m, ) = Soi 1 i+ xp + 30 sty For
a bi-infinite sequence w, define S;"*(w) =Y oo, '@t + Tp + Y oy S Tipi-

Basic properties. We prove some basic properties of discounted sums. First, the discounted

sum converges, and consecutive sums differ by at most di. This follows from the definition.

» Lemma 4. Let (R,r,s) be an input setting, w € R”, and t € Z. Then S;°(w) exists and
|57 (w) — 877 (w)] < dr.

TS

Second, we characterize the values a discounted sum can take. Formally, let Sumsy” =
{S]*(w) : w € R%}; note that this set does not depend on ¢. Its shape depends on whether
R has gaps that are too large relative to the discount factors.

» Definition 5 (Proper input setting). Let (R,r,s) be an input setting. The normalization
factor A™* and the maximum gap Agr are defined as

r S
+

A =1
+1—r 1-5’

ARr = Stlp({O}U{b—a: [a,b] C [infR,supR]\R}). (3)

1-r’1-s

We say that (R,r,s) is proper if Ag < min{ L -8 }dR.

The convention sup{0} = 0 ensures Az = 0 whenever R has no gaps in its interval
hull, so interval-valued domains are automatically proper. For non-interval domains such as
R = {0, 1}, properness is a substantive condition: it requires the discount factors to be large
enough to interpolate across the gaps.

» Lemma 6. Let (R,r,s) be an input setting.

(1) Sums%® C A" - [inf R, sup R].

(2) If (R,r,s) is proper, then Closure(Sumsy’) = A™*® - [inf R, sup R].

(3) If (R,r,s) is proper and R is compact, then Sumsy’ = X" - [inf R, sup R].

The three statements isolate the role of each assumption. Boundedness of R gives the
interval over-approximation in (1). Properness ensures that the closure of the set of sums
fills this interval, as stated in (2). Compactness lifts closure equality to equality in (3). For
a non-closed domain, the endpoints need not be attainable; under compactness they are
attained by the constant sequences at inf R and sup R.

Sums vs. Averages. In some settings it is more natural to think of a discounted average
than a discounted sum. A weighted average is a weighted sum whose weights are non-negative
and sum to 1. Since the weights of a discounted sum add up to A™®, an input setting (R, 7, s)
can be reframed for averages by considering the equivalent setting (R/A™*,r, s) and rescaling
each sequence w = (z¢)tez € R% to w' = (x4 /A\"%)ez € (R/A™%)Z.

2.2 Monitoring Problem

A monitor observes a bi-infinite stream of values w = (z;);cz from time 0 onward. After
observing a finite prefix wo.y, it is queried only on observed positions ¢t € {0,...,n}. Formally,
a monitor computes a function M: R* x N — {L,?, T}. Only pairs (u,t) with ¢ < |u| are
queried. The verdicts | and T indicate that S;**(w) lies outside or inside the target interval
T, respectively, and 7 indicates that the verdict is inconclusive.

32:5
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2.2.1 Sound Monitors

» Definition 7 (Sound monitor). Let (R,r,s) be an input setting and let T be a target interval.
A monitor is sound if, for every w € R%*, n € N, and t € {0,...,n},

M(wop,t) =L = S;7%(w)¢Z and M(wop,t) =T = S;°(w) € T. (4)

Uncertainty. Since the monitor receives values incrementally, it typically returns an in-
conclusive verdict (?) until the observed prefix contains enough information to commit to a
final T or L. For 0 <t < n, the uncertainty set of a finite prefix wy., collects the values
Sy can take across all extensions of wo.,: Up(woim) = {S{*(w') : w’ € RE, wp,, = woun } -
A sound monitor therefore satisfies M(wo.p,t) = T = Ui(wg.,) € Z and M(wo.p,t) =
1 = Ui(wo.n) NZ = 0. Similarly as in Lemma 6, for proper input settings the closure
of the uncertainty set is an interval; the uncertainty set itself is that interval when R is
compact.
pttl
1—r
— Then, U (wo.n) S 8¢ (woin) + vimlinf R,supR]. If (R,7,s) is proper, then
Closure(U;"*(wo:n)) = Sp*(wo:n) + v nlinf R,sup R]. If, additionally, R is compact, then
equality holds without taking closures.

» Lemma 8. Let (R,r,s) be an input setting, let 0 < t < n, and let v, =

gn—t+l

A natural quantity is then how long a sound monitor must wait before it can commit to
a final verdict at a given time.

» Definition 9. Let T be a target interval, let t € N, and let w € R*. The minimum required
observation time is

pz(t,w) =min({n € N:n >t and (Us(wo.n) CZ or Ug(wo.n) NZ =0)} U {oo}).

For a fixed time ¢, future observations eliminate the unobserved future contribution, but
they do not reveal the values before time 0. Therefore, an irreducible uncertainty of diameter
t+1
=
verdicts are possible, their delay has no uniform finite bound in general.

dr may remain, and an exact verdict need not ever become possible. Even when exact

» Theorem 10 (No uniform exact verdict delay). Let (R,r,s) be a proper input setting such
that R is compact and v+ s > 0, and let J := A"*[inf R,supR]. Let T be a target interval
satisfying JNZ # 0 and J\Z # 0. Then, for every t € N and every n > t, there exists
w € RE such that puz(t,w) > n.

The proof shows that for any proposed finite delay, one can construct a prefix whose
remaining uncertainty crosses a boundary of the target interval: one completion yields a
discounted sum in the target, while another yields one outside it A sound exact monitor
must therefore remain inconclusive, which motivates approximate soundness.

2.2.2 Approximately Sound Monitors

» Definition 11 (e-approximately sound monitor). Let (R,r,s) be an input setting, let T be a
target interval, and let € > 0. A monitor M is e-approximately sound if, for every w € R%,
neN, andt € {0,...,n},

M(woip,t) =L = S;%(w) ¢Z_. and M(wom,t) =T = S (w) € Z,.. (5)

where, for T = (L,U), Z,. = (L—¢,U+¢) and Z_. = (L+¢,U —¢).
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Although 7, 7, ., and Z_. are open, we note that the results of this section hold for
arbitrary intervals. We next give a tight bound on the minimum required observation time
for e-approximately sound monitors, and show how to realise them with finite resources.

» Theorem 12. Let (R,7,s) be an input setting, T a target interval, € > 0, and T' € N. With

+

TT+1 ST+1
1—r 1-s

(R, s,¢,T) = min <{T eN:dg ( < 25} U {oo}> . (6)

1. If 7" < o0, there exists an e-approrimately sound monitor that produces a verdict for
every t > T within 7* steps.

2. Suppose that R = [m, M| with m < M, and write J = X\"*[m,M]. If JNZ_. # 0 and
J\Z e # 0, then, for every e-approzimately sound monitor and every T < 7*, there exists
w € R% on which the monitor does not produce a verdict for time T after T steps.

TT+1

For the usual case dg > 0 and 0 < s < 1, let By := (3—; i ) (1—s). If By >0, then
7 = max{0, [log, Br| — 1}. If By <0, then 7" = co. The semantic definition in Eq. (10)
also covers the exceptional cases: dg = 0 gives 7% = 0, while for s = 0 we have 7* = 0 if
dR% < 2¢ and 7* = oo otherwise. Unless stated otherwise, we assume 0 < 7% < 0.

For every bounded input domain, Lemma 8 provides an interval enclosure whose diameter
t+1 T4+1
i
an approximately sound verdict, which proves the upper bound. For interval-valued input

. A diameter of at most 2¢ forces

at time t, after 7 further observations, is dg (

domains, the finite observed contribution can be positioned continuously; under the two
nontriviality conditions in point (2), this gives matching accepting and rejecting completions
for every smaller delay.

2.3 Monitor Construction

Algorithm 1 constructs an e-approximately sound monitor. With 7 = 7*(R, r, s,e,T) from
Eq. (10), it maintains:
a global variable Psum storing the present-inclusive discounted sum of all past observations;

an array of 7 tuples (RunningSumi, posi), one per active monitor;

a Boolean array in_use[l:7] marking which tuples are active.

Each active tuple tracks a candidate time pos, whose discounted sum is being monitored. The
invariant is that after observing z,, every active tuple with p = pos; satisfies RunningSum; =

Sy (wo:n) = D T i+ Dy S T

32:7
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Algorithm 1 z-Approximately Sound Discounted-Sum Monitor

Require: Input setting (R, r, s), tolerance e, target interval Z, start time T'

LT+ 7(R,r s,e,T) > Eq. (10)
2: Psum <0

3: fori=1to 7 do

4: in use[i] < L

5: end for

6: fort=0,1,2,... do

7: observe x;; Psum < x; + 7 - Psum > now Psum = x; + Zle rixt_i
8: for j=1to7do > Update all active registers
9: if in use[j] =T then

10: RunningSum; < RunningSum; + ¢ - s'7P%% > future contribution for time pos;
11: compute C’;gfsj = RunningSum; + <rp;5_j:1 Stflpisiﬂ) - [inf R, sup R]

12: if C;"aij C 7., then

13: output verdict T for time pos; ; in use[j] « L

14: else if Cpes NZ_c =0 then

15: output verdict L for time pos; ; in use[j] « L

16: end if

17: end if

18: end for

19: if t > T then > Instantiate new register for current ¢
20: select ¢ with in_use[i] = L > Guaranteed to exist by Thm. 12
21: RunningSum, < Psum; > initially S;"°(wo.) pos; < t; in_use[i] + T
22: end if
23: end for

Special cases. For future-only sums (r = 0), the past uncertainty vanishes. For past-
only sums (s = 0), later observations cannot refine the uncertainty of an earlier position.
Accordingly, the uniform bound in Eq. (10) is either 0 or co: each position is tested once at
creation time, and if its enclosure is still inconclusive, no later observation can change that.

General bounded input domains. Neither the upper bound in Theorem 12(1) nor Al-
gorithm 1 requires properness. Both use only the interval enclosure from Lemma 8. The
interval-domain assumption in Theorem 12(2) is used only to position the observed finite
contribution continuously. For input domains with gaps, 7* remains a valid upper bound
but need not be tight for a fixed target interval.

3 Statistical Discounted Monitor

In statistical discounted monitoring, we assume that the observation sequence is generated
by a stochastic process and the monitors objective is to estimate the value of the expected
discounted sum. The statistical monitors are similar to the monitors of Section 2, but for an
additional statistical error term which impacts the release condition (and time 7*).

Setting. Assume that the value sequence w is a realisation of the stochastic process
W = (X¢)tez in R. Let F := (Ft)tez be its canonical filtration, i.e., F; is the sigma-algebra
generated by (X;)i<¢. No further assumptions are placed on W.
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Expected discounted sum. We are interested in the expected discounted sum, in infinite
and finite form. We define the conditional expectation for the integrable random variable Y
as By (V) =E(Y | 7). We define S;* (W) := limy,, s oo limy,, 400 S7° (Whyin, )

t—ny My —1

SIVS(W’ruznu) = Z Ti ]Et—i—l(Xt—i) + Z Si Et-‘ri—l(Xt-‘ri) fOI‘ ny S t S Ny, Ty S S [07 1)
i=1

=0

3.1 Monitoring

Statistical monitors compute the observed discounted sum and bound its deviation from the
expected discounted sum. This permits three natural notions of statistical soundness, which
differ in how many possible verdicts are protected by the same probability guarantee.

» Definition 13 (Statistical soundness). For (R,r,s), let T = (L,U) be a target interval,
e >0 a precision, and § € (0,1) an error probability. For t < n € N define the success event

Ei(n) = {MWop,t) = L =S (W) ¢ Z_. ANM(Wop,t) =T = S;°(W) € Iy},
where Ty = (L —¢e,U+¢) and T_. = (L +¢,U —¢). A statistical monitor is

(i) pointwise (e,d)-approximately sound if YVt € NVn > t: P(Ey(n)) > 1—6;
(i) locally (e, d)-approzimately sound if Vit e N: P(Vn > t: Ei(n)) >1—6;
(#i) uniformly (e, d)-approzimately sound if P(Vt € NVn > 1t: Ey(n)) > 1—4.

The three notions express increasingly stronger guarantees. Pointwise soundness protects
one fixed verdict at a fixed time ¢ and observation horizon n. Hence, flexible register release
is not possible and an error probability of § must be tolerated for the verdict at each ¢. Local
soundness protects one fixed monitored time t for all observation horizons n > t. Hence,
flexible register release is possible, but an error probability of § remains for the verdict at
each t. Uniform soundness protects the entire run, i.e., the invariant “every verdict issued
for every time index and at every observation horizon is correct” holds with probability at
least 1 — §. This is the right notion when the correctness of verdicts is imperative.

3.2 Monitor Construction

We modify the deterministic monitor by adding a statistical error term to the uncertainty
interval (which affects the register release bound 7* ). The resulting statistical uncertainty
interval for the expected discounted sum for time ¢ and observations n is

U (0; Woun) =T (6; Woun) +vim - T where  I7°(6; Woun) = Sy (Wo:n) £ By (9). (7)

where 3 (9) is a statistical error term and ~;, is a tail error as in Lemma 8, and T" :=
[inf R, supR]. To obtain soundness it suffices to ensure that Z;"*(d; Wy.,,) covers the finite
expected sum S;*(W.,,) with the desired probability guarantee. Then the deterministic tail
term 7, - T lifts this to coverage of the infinite expected sum (see Lemma 42).

Error bounds. For simplicity we focus on data-independent deviation bounds, but the
results can be extended to variance adaptive bounds [24]. Hence, the width of the statistical
error term is dictated by the squared discount factors, i.e., for every n € N and t < n as

t n—t 2 2t 2(n—t+1
TS . 2 21'77"(1*7" ) 1— 5% )
Wtin = e 5T 1—1r2 + 1 — 52 ’
i=1 i=0
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and a uniform upper bound o on the conditional sub-Gaussian norm o; of X; — E;_1(X}),
which is trivially given by dg /2, i.e., 0y < 0 < dr /2 [38]. We define the pointwise, local, and
uniform error bound, respectively, for § € (0,1) as

\/2 o2 wt = log(2/4) LE:Z(&) =k \/VtrnS (2 log (logz(th;f) + 1) + log (%))
60

VeSO = LB (3

) where V/* := max(1,0?w}’}) and ky = 2"/4 +271/4/\/2.
The pointwise sound monitor leverages the fixed-sample Hoeffding—Azuma deviation bound [3].
The locally sound monitor leverages the anytime-valid deviation bounds from Howard et

al. [24]. The uniformly sound monitor leverages the locally sound statistical error bounds
with error level 65/(72(t + 1)?) for time ¢, because a union bound over all monitored times
results in a uniform guarantee, i.e., Y ;o 66/(7?(t+1)?) = §. Unsurprisingly, we can observe
that as the guarantees become stronger, the interval width becomes wider.

» Theorem 14. Let (R,r,s) be an input setting, T = (L,U) a target interval, € > 0, and
d € (0,1). Consider Algorithm 1 where a register for time t is released at a fixed (n) or at a
flexible (Z/{f"g(& Won) € Zye or U %(8; Wo.n) NZ_. = 0) observation horizon. Then

(i) if B3 (0) = PEY; () the monitor is pointwise (&,0)-approz. sound for fized release;

(i) if ﬁt 2(6) = LE:;((S), the monitor is locally (g, 0)-approz. sound for flexible release;
(iii) if ﬁ{;( ) = UE};(9), the monitor is uniformly (e, )-approx. sound for flexible release.

Impossibility. If we consider the statistical uncertainty intervals as n — oo, we observe that
the tail error 7,7, converges to 0 from above and the statistical error 3, () converges to a
non-zero constant from below. In particular, for the pointwise bound we have

PE;’; (0) — \/202 _Tm ) 4 - 52) log(2/6) and dry;i, — dr th as n — o0o.

Without additional assumptions this error is unavoidable. Specifically, the pointwise statistical
term (the smallest among the soundness notions ) is minimax optimal. Intuitively, this is
because the variance of the discounted average converges to a positive constant and to 0 only
as the discount factors approach 1.

» Theorem 15. Given an input setting (R,r,s) s.t. R contains an interval of length at
least 20. Fizn € N and t < n. Consider the class D, of product measures on R"t!
s.t. X; — B;_1(X;) is conditionally o-sub-Gaussian. We define: the set of all (1 — 6)
confidence intervals Cl,(8) for S;*(Wo.n), d.e., all I : R™ — Interval(R) satisfying
SUPpep, Py p (S”(Wo n) ¢ IWowm)) < 6, |I| = supl —infl as interval length, and
Nim = Zf: rt+ Zz:o s'. There exist universal constants 0 < cg < Cy < 00 s.t. § € (0,1/4)

co - min (ant o PE’ s (5)) < inf  sup Ep[|[I(Wo.n)|] < Cp - min (anZ"Z,PE:’fL((S)) .
1eCl; (9) peD,, ’ ’

4 General Discounted Properties

Many quantitative properties involve arithmetic relations between multiple discounted
aggregates. A canonical example is (group) fairness, where one compares acceptance rates
across groups; such rates are quotients of discounted counts of accepted and total events.
This section shows how to use the monitors of Section 2 as building blocks for monitoring
multi-aggregate expressions.
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Setting. Let N = [n], n € NT, be the set of event types, and let (R,r,s) be an input
setting. Let Rg := R U {0} extend R with a distinguished empty symbol OJ. An event is a

vector e € £ := (Rn)", where the k-th component e®) € Ry is the atomic event of type k.

We consider bi-infinite event streams w = (e;)ez € EZ.

4.1 Specification Language

We introduce a simple expression language whose atoms are (bi-directional) discounted sums

over individual event types and whose connectives are the standard arithmetic operations.

We give two interpretations—synchronous and asynchronous—differing in how empty atomic
events affect discounting.

Syntax. Formulas are built from discounted-sum atoms by scalar multiplication, addition,
multiplication, and division:

Q= Sr(i,) | c-o |l o+ | 0@ | p+o, where k € N, c € R. (8)

Semantics: atoms. Consider an event stream w = (e)tcz and time ¢t € Z. We map empty
atomic events to zero via :cik) = ]l[eik) #0- egk) for t € Z, k € N. The value of ST(FS) at time
t is a bi-directional discounted sum over the k-typed atomic values, with discount exponents
depending on the interpretation:

(k) (k)
k oo M (k) (k) o M (k)
[[Sﬁ,s)ﬂsync/async(w7t) = Zi:l ot Ty + Ty + Zi:l § i $t+i . (9)
S— ~ S—
past present future

The discount exponents Tt(ljzi are defined as Tt(lii =1 in the synchronous interpretation, and

7'15(]2z = 22:1 ]l[egi)j # 0] in the asynchronous one. Thus, in the synchronous interpretation,
evéry time step advances discounting, even if the k-typed atomic event is empty. In the
asynchronous interpretation, only non-empty atomic events advance discounting for type k;
empty entries are ignored for the purpose of discount progression.

Note that, if 0 € R, any stream w € £% can be converted to w’ € £Z such that

[[Sgi)]]sync(wv t) = [[ST('yké‘)]]async(wl’ t)'

Semantics: expressions. The semantics extends naturally to arithmetic operations: for a
stream w, time ¢, and expressions ¥, x,

HC'¢ﬂ(w7t) = c- [['(/}]](wat)’ [['(/}OXH(w>t) = H¢ﬂ(w7t)OHXﬂ(wvt) (OE {+7'7+})'

Note that division is undefined when the denominator evaluates to 0.

4.2 Uncertainty Propagation Through Interval Arithmetic

Algorithm 1 naturally extends to arbitrary formulas by instantiating a register for each atomic
discounted sum and propagating uncertainty intervals via standard interval arithmetic.

Theorem 12 bounds the observation time needed for an e-approximately sound verdict on
a single discounted sum. A natural question is whether an analogous bound holds for arbitrary
formulas. The proof of Theorem 12 relies on the fact that, for fixed ¢, the uncertainty interval
of a discounted sum has length 7,77, (sup R — inf R) and depends only on the observation
count 7, allowing to identify the earliest 7 at which uncertainty falls below 2¢.
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The first observation is that this type of reasoning can only be applied for the synchronous
interpretation, as in the asynchronous interpretation, a stream can contain arbitrary many
empty events for each atom, which make it impossible to give a minimum required observation
time. For the synchronous interpretation, we have to develop a theory for different fragments
of the whole language. In a nutshell, analogous results to Thm. 12 (1) exist for expressions
that contain no divisions, by considering how the uncertainty intervals of sums and products
grow through interval arithmetic. This avoids the undefined divisions by 0. When R is an
interval and ¢ contains only sums and scalar products, the analogous result to Thm. 12 (2)
also holds, as monitoring such an expression is equivalent to monitoring an atom on a larger
input setting.

We start by defining set arithmetic as usual: for sets Sy, S and operator o € {+, —, -, +},
S108y:={s1083 : $1 €5, s2 € So}. For a scalar c € R and a set S C R, we use ¢- S to
denote {c}-S. Notably, for Iy = [Ly, U], and I = [L2,Us], and ¢ € R:

¢ Iy =[cLy,cUh] it ¢ >0, ¢ - I; = [cUy,cLq] if ¢ < 0.

I+ Io = [Ly + L2, Uy + Us).

Il . 12 = [mln{L1 . LQ, L1 . UQ, Ul . L27 U1 . Ug},maX{Ll . L27L1 . UQ, U1 . L2, U1 . UQ}]

If 0 ¢ 12, then 11/12 = [miH{Ll/LQ,Ll/UQ, Ul/LQ, Ul/UQ},maX{Ll/LQ,Ll/UQ,Ul/L27U1/U2}].

» Definition 16 (Linear and multiplicative properties). Let ¢ be a general discounted property
as defined in Eq. 8. We say that ¢ is linear if it contains only atoms, additions, and scalar
multiplications. We say that ¢ is multiplicative if it contains only atoms, additions, scalar
multiplication, and products.

We define the spread of a formula as the range of values it can take at each timestep.

» Definition 17 (Spread). Let (R,r,s) be an input setting. The spread of a formula ¢ is
defined recursively as:

If ¢ is an atom, Spready(¢) = R.

If o = c- 1 for c € R, Spreadg (p) = ¢ - Spready (¢).

If ¢ =1 o x, then Spready (@) = Spreadg (v)) o Spready (x), for o € o € {+,-,+}.
If, in any of the divisions, the denominator interval contains 0, the spread is undefined.

Note that the spread is always defined for multiplicative properties. For properties containing
divisions, it may not be defined.

» Remark 18. Because of the interval arithmetic, the expression of Spread(y) is generally
convoluted. A special case is when ¢ is linear. If ¢ is linear it can be written as

- +
N mt 4+
=20 T Yo T

Therefore, for R = [inf R, sup R], its spread can be written as
Spready (p) = [sup R-Y™ a7 +infR- erjl af ,inf R-3" a7 +supR- Z:’:l ozj'] .

Using synchronous semantics, monitoring a linear expression ¢ on an input setting
(R,r,s) is equivalent to monitoring an atom on the input setting (R,,r,s) where R, =
Spreadp oy (). Therefore, we have the following corollary to Theorem 12.

» Corollary 19. Let (R,r,s) be an input setting,  a target interval, e >0, T €N, and ¢ a
linear formula. Let R, = Spreadgoy(¢). With

PTHL gl
T(R,7, 8,8, T, ) = min ({TGN:de ( >

177’+1f$

< 25} U {oo}) . (10)
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1. If 7 < o0, there exists an e-approrimately sound monitor that produces a verdict for
every t > T within T* steps.

2. Suppose that R, = [m, M] with m < M, and write J = X"*[m, M]. If JNZ_. # () and
J\Zye # 0, then, for every e-approzimately sound monitor of ¢ and every T < 7*, there
exists w € R% on which the monitor does not produce a verdict for time T after T steps.

To obtain an analogous result for multiplicative expressions, we need first to define the

nesting depth of a multiplicative property.

» Definition 20 (Nesting depth). Let ¢ be a multiplicative property. The nesting depth of ¢
is defined recursively as follows:

If ¢ is an atom, Depth(p) = 1.

If o = ¢+ for c € R, Depth(y) = Depth(v).

If ¢ = 9 + x, then Depth(p) = max{Depth(y), Depth(x)}.

If ¢ =1 - x, then Depth(yp) = Depth(¢)) + Depth(x).
With multiplicative properties, we loose the equivalence to monitoring atoms we had for linear
properties. Therefore, while we can bound uncertainty intervals (obtaining an analogous to
Thm. 12 (1), it is no longer always possible to construct a stream of events that fills the
uncertainty interval, which is required in the proof of Thm. 12 (2).

» Corollary 21. Let (R,r,s) be an input setting, € > 0 a tolerance value, T € N a point in
time, ¢ a linear formula. The following holds for T defined as:

*(Ryr,5,6,T,¢) = {logs K YR ’"TH) (1- S)H . (11)

supR, — inf R, C1-r

There exists an e-approzimately sound monitor M* that produces a verdict for allt > T in
no more than 7 steps for the property ¢ under the synchronous interpretation.

» Remark 22. Corollary 21 cannot be extended to non-multiplicative expressions or expressions
with the asynchronous interpretation.
If ¢ is not multiplicative, then R, is not defined, because R, is a spread on an input
setting containing 0, so divisions are not defined.
If ¢ is interpreted asynchronously, then it can contain arbitrary many empty events for
each atom, which make it impossible to give a minimum required observation time.

5 Register Complexity of Discounted-Sum Monitoring

The quantity 7 plays two roles in Algorithm 1: it bounds both the verdict delay, i.e., the
number of steps required to resolve the uncertainty interval for a position, and the register
count, i.e., the number of running sums maintained in parallel. These roles have different
origins. The delay is inherent to discounted sums: contributions from unobserved values
decay geometrically, and 7 is the first horizon where this is resolved for sure. The register
count, by contrast, is an implementation cost. Since the running sums are related, it is
natural to ask whether we can track the 7 pending positions with less memory.

We show that no such reduction is possible in the worst case in the future-only setting.

To make the question precise, we formalize monitors as affine register machines (ARMs):
finite-state machines equipped with real-valued registers, affine updates, and strict affine
guards [27, 2, 17]. By Theorem 12, every monitored position admits an e-approximately
sound verdict by its horizon, so we encode these deadline verdicts as a safety language over
R“. We build, for every 7 > 1, a monitoring instance with horizon 7 whose language cannot
be recognized by any ARM with fewer than 7 registers.
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Safety Formulation of Approximate Monitoring. We first recast approximate monitoring as
a safety-language recognition problem. Throughout this section we work over the normalized
input domain R = [0, 1]. This is without loss of generality for interval domains: any bounded
interval [m, M] can be mapped to [0,1] by an affine transformation, and discounted sums,
target intervals, and tolerances rescale accordingly.

A monitoring instance is a tuple P = (R,r,s,Z,¢), where (R,r,s) is a proper input
setting with R = [0,1] and r, s € [0,1), where Z = (L, U) is a target interval and € > 0. The
horizon of P is 7(P) := 7*(R,r,s,€,0), as in Theorem 12. We say that P is future only if
r =0 and s > 0, and past only if r > 0 and s = 0.

» Definition 23 (Monitoring Language). The language of a monitoring instance P =
(R,r,s,Z,¢) is L(P) :== {x € R¥ |Vt > 0: U/ (0usr(p)) € Tte}

By Lemma 8 and Theorem 12, the uncertainty interval at time ¢ + 7(P) has diameter at
most 2¢. Hence, if it is not contained in Z., then it is disjoint from Z_.. Therefore, the
rule that returns T exactly when U;"* (2.4 -(p)) € Zye and returns L otherwise is always
defined and e-approximately sound.

Since non-membership in L(P) is witnessed by a finite prefix, L(P) is a safety language.
Indeed, U;"* (.44 (p)) depends only on 2.1~ (p), so any violation at time t is shared by every
extension of this prefix. By Lemma 8 and since R = [0, 1], the condition U;"*(2o.¢4-(p)) € Zye
is equivalent to L —e < S;"°(2p.4r(p)) <U +¢€ — ’y;’;_T(P).

Affine Register Machines. Let Y = {y1,...,yx} be a finite set of registers. A wvaluation is
amap v:Y — R. An update over Y is a parallel assignment y; + Z?:1 a; ;Y; + bis + ¢; for
all 1 <i <k, where ¢ € R is the current input and all coefficients are real. We write I'(Y)
for the set of such updates. A guard over Y is a finite conjunction of strict affine inequalities
Z§:1 a;y; + bs >4 ¢, where 1 € {<,>}. We write (v,<) = ¢ if the guard ¢ holds under
valuation v and input ¢, and we write ®(Y") for the set of guards over Y.

» Definition 24 (Affine Register Machine). A (deterministic) affine register machine (ARM)
is a tuple M = (R,Y, Q, qo, 0, A) where R C R is a bounded input set, Y is a finite set of
registers, Q is a finite set of control locations, qo € Q is the initial location, vo: Y — R is
the initial valuation, and A C Q x ®(Y) x I'(Y) x Q is a finite transition relation. We write
transitions as (q,¢,7,q9) € A and require the following determinism condition: for every
location q € Q, every valuation v, and every input ¢ € R, there is at most one transition

(¢, ¢,7,4") € A such that (v,<) = ¢.

A configuration is a pair (¢,v). On input ¢, the machine follows the unique enabled transition
(q,¢,7,4") to (¢',v(v,s)). If no transition is enabled, the run terminates. A run on x € R is
accepting if infinite. The language L(M) is the set of streams with an accepting run; hence
every ARM recognizes a safety language.

Sufficiency: An ARM Construction. We show that L(P) can be recognized by an ARM
with 7(P) + 1 registers. The construction follows the monitor from Algorithm 1. The ARM
keeps one register for each pending position and updates all pending truncated sums in
parallel. If a register y, stores the truncated sum for the pending position of age a, then on
input = the affine updates are yg < ryo + z and y, < yo—1 + s%x for all 1 < a < 7(P) — 1.
When a position reaches age 7(P), its completed truncated sum is y,py_1 + s™P)z, which
the machine checks by a guard before applying these updates. One additional register tracks
the geometric factor needed to express the time-dependent past residual 71 /(1 — 7).
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» Theorem 25 (General Upper Bound). For every monitoring instance P, there is an ARM
M with 7(P) + 1 registers such that L(M) = L(P).

In the future-only case the past residual is zero. The auxiliary register is therefore unnecessary,
and the same construction uses exactly one register per pending future window.

» Corollary 26 (Future-Only Upper Bound). For every future-only monitoring instance P,
there is an ARM M with 7(P) registers such that L(M) = L(P).

Necessity: A Register Lower Bound. We now show that the future-only upper bound
is optimal in the worst case. For each k > 1, consider the future-only monitoring instance

.f 1 —(k+1) w : k .k —i .
Pr = ([0,1], 0, 3, (0,1), 2 ). For x € [0,1] and t > 0, write V*(x) := > 27 w444
and Ty := 1 — 2=+ For this family, the safety condition has a particularly simple form.
The horizon is k, the residual future uncertainty is 27*, and the lower bound is vacuous
because all inputs are nonnegative. Thus, the monitoring language is exactly the set of

streams whose discounted windows of length k£ + 1 remain below the threshold Tj.

» Lemma 27 (Characterization of the hard instances). For every k > 1, the future-only
monitoring instance Py has horizon 7(Py) = k, and its monitoring language is L(Py) = {x €
0,1]* |Vt >0: 38 27, < 1—2- (DY,

The lower-bound proof is a finite-dimensional linear-algebra argument. Suppose an ARM
with only k — 1 registers recognizes the language above. Consider the first k transitions taken
on a suitable accepted anchor word. On all length-k prefixes inducing this same transition
sequence, the register valuation after & steps is an affine map from a k-dimensional prefix
space to R¥~1. Therefore, this map has a nonzero kernel direction: a perturbation that is
invisible to the registers after the first k& inputs.

The separating prefixes are chosen from an explicit one-parameter family. For 6 just
below Ty, the word u(f) - o - 0% is constructed so that its first & discounted windows all have
value 6. Moving slightly in the invisible kernel direction preserves the first k transitions, the
register valuation after k steps, and the entire suffix. However, by choosing the last nonzero
coordinate of the kernel direction, one discounted window is pushed above Tj. Determinism
then forces the ARM to treat two identical configurations with the same suffix identically,
although one stream satisfies the monitoring condition and the other violates it. Note that R
being an interval is crucial here, as it ensures that the kernel direction (an arbitrary vector
in R¥) can be realized as a small perturbation inside R¥.

» Theorem 28 (Future-Only Lower Bound). For every k > 1, there is a future-only monitoring
instance Py such that for every ARM M with 7(Py) — 1 registers we have L(M) # L(Py).

Special Cases. For the past-only case (s = 0 and r > 0), it suffices to use just two registers:
one for the observed past, which follows the rule p; = x; 4+ rp;—1, and one for the uncertainty
term 7t*1/(1 —r). The register complexity for a general s > 0 and 7 > 0 remains open.

Over finite alphabets, the future-only lower bound disappears. For r = 0, monitoring
reduces to checking a sliding window ¢, ..., z¢4,, so a finite-state monitor suffices, at the
cost of exponential state space in 7. With past discounting, however, this is no longer
possible: although a finite alphabet collapses the 7 parallel future registers into finite control,
the recurrence p; = x4 + rp;—1 still can take infinitely many values, which may require an
infinite-state monitor.
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6 Experiments

We evaluate our monitors on a collection of real-world and synthetic scenarios with the
objective of demonstrating the practical effectiveness of the proposed monitors and to examine
how tight the theoretical bounds on resource usage and accuracy are in practice. In the
main paper our evaluation is guided by the research questions: (RQ1) How closely does
the observed register usage of Algorithm 1 match the theoretical bound of Thm. 127, and
(RQ2) How does register usage vary under synchronous and asynchronous semantics? We
address research questions beyond (RQ1) and (RQ2) in the Appendix F.

We evaluate our monitors on traces from two benchmarks: PowerData, a dataset of power
usage traces from Google data centers [33]; and Adult, demographic parity traces produced
by a fairness-aware neural network trained on the Adult dataset [7].

Register Usage on PowerData. To address RQ1, we study register usage on traces from
PowerData. We report normalized register usage, defined as the number of active registers
divided by the theoretical upper bound 7* from Thm. 12. The input range is R = [0, 1]
and we fix the discount factors to r = s = 0.9. In Fig. 1 (a), we vary the tolerance ¢
logarithmically between 0.5 and 5 - 10~%, while fixing the target interval to Z = [0.703,0.728],
centered at the empirical mean with width equal to one standard deviation of the dataset.
In Fig. 1 (b), we fix e = 5-107% and vary the width of Z between 10 and 0.01 times the
standard deviation, again centered at the mean. In all experiments, the initial monitoring
time T is chosen such that »7+1/(1 — ) is closest to £/(supR — inf R). In both Fig. 1 (a)
and (b), the left graph represents the cumulative distribution of normalized active monitors,
with one line representing each parameter setting — € in (a), |Z| in (b) —, while the right
graph represents each distribution as a boxplot. Each boxplot corresponds to a parameter
setting, color matched with the corresponding left graph.

Across all configurations, most verdicts are produced with fewer than 60% of the theoret-
ically available registers active, and register usage never exceeds 80%. This result indicates
that we could actually implement a monitor with, for example, 70% of the theoretically
required registers, and still output a sound verdict most of the time.

Monitoring Demographic Parity. To investigate RQ2, we monitor demographic parity on
the Adult dataset. The input set is R = {0,1} and we again fix r = s = 0.95. We consider
decreasing tolerance values with a fixed target interval Z = [—0.1,0.1]. We report the results
in Fig. 2, in the same format as the previous figure, for the demographic parity property
(Ex. 3) with the synchronous (blue) and asynchronous (green) interpretation. In contrast
to the previous experiments, we report absolute register counts rather than normalized
usage. This is because Thm. 12 does not provide a uniform bound in this setting, as the
denominators can be arbitrarily close to zero. As expected, synchronous interpretations are
significantly more efficient than asynchronous ones, since discounting is applied uniformly
across streams rather than independently.

7 Related Work

Discounted-sum objectives are well studied in verification, automata, games, and logic as
quantitative specifications where recent events outweigh distant ones [10, 11, 8, 36, 18, 1].
The nontrivial structure of achievable values underlies the difficulty of the target discounted-
sum problem [9], motivating approximation: nondeterministic discounted-sum automata
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cannot be determinized exactly, but approximate determinization is always possible [8] and
approximate inclusion is decidable [4]. We study online monitoring under bounded memory
and show a parallel dichotomy: exact sound monitoring requires unbounded memory, whereas
approximate monitoring admits tight bounds.

Runtime verification provides lightweight formal guarantees by checking specifications
against executions online [5]. Quantitative monitoring replaces boolean verdicts with real-
valued measures; STL robustness semantics, for instance, quantify how strongly a signal
satisfies a specification [30, 16, 14, 13, 12]. Recent work [23] establishes precision-cost
tradeoffs for quantitative monitoring. We focus on discounted-sum monitoring and extend
the framework to stochastic processes via confidence sequences.

Discounted sums can be viewed as convolution with an exponential kernel: the expo-
nentially weighted moving average (EWMA) computes a normalized discounted sum [32],
equivalent to a first-order IIR filter [35]. EWMA control charts detect mean shifts under
iid. inputs [29, 31], and exponential smoothing in forecasting balances responsiveness
and noise reduction [19, 25]. We complement these by studying memory requirements and
approximation guarantees for arbitrary input streams.

Standard fairness metrics such as demographic parity and equalized odds [21, 15] are
static population statistics. Existing fairness monitors use only cumulative statistics [22]
or stream-based specifications [6]. Recent work highlights temporal aspects of fairness [20]:
discounting appears in fair reinforcement learning [26], decision making [37], and resource
allocation [28], but targets policy design rather than monitoring with formal guarantees.
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A Discussion: Alternative Local Measures

In this paper we study discounted sums as a method to obtain a local measure for global
property. Discounted sums are a principled method of aggregation, where instances in the
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future and in the past contribute to the local measure according to their value and the
distance from one event to the other.

In this section, we discuss alternative localization measures, and how do they compare to
discounted sums. We mainly discuss window averages and kernel-weighted averages.

A.1 Window average

A natural localization measure, alternative to the discounted average, is the rolling window
average of length 2] + 1, defined as

l
1
WA%(“’) = A+1 Z Ltti-
i=—1

The parameter of window length serves a similar purpose as the pair of discount factors
(r,s). While there is no canonical correspondance, a natural one is to consider symmetric
discounting (r = s) and that the weight of the central element in both averages is the same.
This yields

1 1

A+1 1+ &

r
l=— =—.
— T, =7 T

Under these conditions, we have a similar bounded difference as in Lemma 4, that is
WAL, | (w) — WAL (w)| = dr. We can also compute uncertainty sets in a similar fashion as
Lemma 8, although the uncertainty sets may not be intervals (i.e., they may have gaps) if R
has gaps of any size, due to the window averages expressing a finite sum. Sound monitors
that give a verdict in at most [ observations trivially exist, and they can be trivially made to
use only 2] 4 1 registers.
In essence, window averages are computationally easier to manage, but have two main
undesired effects:
There is a sharp jump between the importance of a single observation for one step and
its consecutive. In contrast, in discounted averages, the importance associated with one
step falls gradually as it becomes further away from the point of interest. For many
applications, like monitoring fairness, this is a more principled approach than setting a
hard cutoff distance in time.
For properties expressed as quotients, even if 0 € R, as long as it does not contain both
positive and negative elements at the same time, the discounted sum of the denominator
will be well defined from the first instance of a non-zero value. In contrast, when localizing
with a rolling window average, as soon as we have a sequence of 2+ 1 instances of zero, the
value of the property is not well defined. This is particularly important for synchronous
properties, as non-appearances are in effect substituted by zero.

A.2 Kernel-Weighted Average

Both rolling window and discounted averages are a particular case of kernel weighted averages.
A kernel is a weight function x: Z — R> that has a finite sum, i.e., >, , s(i) < co. To
have the effect of a local measure, we ask for the kernel to be non-decreasing in Z<( and
non-increasing for Z>o. Kernels generalize both discounted and rolling window averages:
sl <i<l).

The discounted sum corresponds to the kernel k(i) = rmax{0,—i} . gmax{0.i},

The window average corresponds to the kernel k(i) =



F. Cano, T.A. Henzinger, K. Kueffner, and N.E. Sarac 32:21

While kernel-weighted averages are conceptually appealing, it is not clear how we could
efficiently monitor a property defined by an arbitrary kernel. For discounted sums, we take
advantage of the fact that the value can be computer recursively, so we can efficiently monitor
into the future while forgetting past values (see the update, for example, in line 6 of Alg. 1).
For many popular kernels, like Gaussian kernels, this is not possible.

B  Monitoring Discounted Sums

Lemma 4. Let (R,r,s) be an input setting and w € R” be a sequence of values, and t € 7Z
a point in time. Then S exists and |Sy*(w) — Si°) (w)| < dr.

Proof. Since S; is defined as an infinite sum, we first check convergence. Let a = inf R and
b =supR. Then |z;+;| < max{|al,|b|} for all i > 0, and hence the past and future parts
are dominated by geometric series with ratios r and s, respectively. Since r,s € [0, 1), both
series converge absolutely, so S; exists.

Next we show the Lipschitz property. Write

o0 (o]
St = E ’I“Z.I‘t_i + T + E Sll‘t_;,_i,
i—1 i=1
oo oo
i i
Si—1 = E T'Ti_1—i + Ty—1 + E $" Ty 144
i=1 i=1

By re-indexing,

oo oo oo oo

i j i '
E Ty F X1 = E rlx_i_j, Ty + E Ty = E sy,
i=1 j=0 i=1 7=0

and similarly

[e.e] oo oo oo
E T =T E 15, E $'Ti_14i =8 E s xyy ;. (12)
i=1 j=0 i=1 j=0

Therefore,
o0 o0 o0 o0
St—l - St = (erxt—l—j — rerxt_l_J) + (SZ Sj$t+j - Z Sjl‘t+j)
=0 =0 =0 =0
o0 (o]
=(1-7r) erxt_l_j - (1-y9) Zijt“‘j'
=0 =0

Since a < x4 < b for all s, we have

oo b o0
J .
< 15 < ; E !17t+g <
1— 1—s
j=0 " j=0

Multiplying by (1 —r) and (1 — s), respectively, yields

> oo
<(1—7“)Z7°j3?t717j§b, ag(l—s)zijtﬂgb_
=0

Jj=0

Hence

a—b<S;_1—S;<b—a, whichimplies ’St,l—St‘gb—a:dn.
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Lemma 6. Let (R,r,s) be an input setting. Then the following hold.

(1) Sumsz® C [Am, AM].

(2) If (R,r,s) is proper, then Closure(Sumsg”) = [Am, AM].

(3) If (R,r,s) is proper and compact, then Sumsz® = [Am,AM]. Where m = inf R and
M =supR.

Proof. (1) Since m < z; < M for all i € Z and all coefficients r’, s’ are nonnegative, we

obtain
Srs(x) =x0 + Zw,iri + Zmisi <M (1 + Zri + Zsl> .
i=1 i=1 i=1 i=1
Similarly,

Srs(x) >m (1 + iri + isl> .
i=1 i=1

Using the geometric series identities Y oo, 7% = = and > 7, st = T vields

am < Sy s(x) < AM.

Since = was arbitrary, this proves Sumsfs C [Am, AM].
(8) First, define the one-sided discounted sets

A (R) = {im,rl xieR}, As(R) = {ix,sl xiER}.

Then
Sumsl?S = R+ A4 (R)+ As(R)

as a Minkowski sum. We split the proof into three steps.

Step 1: each one-sided set is an interval. Fix r € [0,1) and consider the space K of
nonempty compact subsets of R equipped with the Hausdorff metric dg, defined as usual as

dg(X,Y) = max q sup inf |z — y|, sup inf |z — .
(X, Y) = ma { sup inf o = ol sup inf o~

Define the operator

Fo:K—=2%  F(K):= [J(ra+rK).
a€ER

1. F, maps K to K. F.(K) =r-(R+ K) (as a Minkowski sum). Since the sum is a
continuous function in the product topology, the image of a compact set is a compact set.

2. F. is a contraction. For K,L € K, let z = r(a + k) € F.(K), where a € R and
k € K. Choose ¢ € L such that |k — ¢| < dy(K,L). Then r(a + ¢) € F.(L) and
|r(a+ k) —r(a+¥)| <rdy(K,L). The symmetric argument, exchanging K and L, gives
dy(Fr(K), Fr-(L)) <rdg(K,L). Thus, F, is a contraction with constant r.
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3. A.(R) is the unique fized point of F,.. Since F,. is a contraction, it has a unique fixed
point (Banach’s fixed-point theorem). We first need to show that A, (R) is indeed in the
domain of F.. First note the set equation

4,R) = |J (ra+7r4.(R)) = F.(A.(R)), (13)

a€ER

which follows by separating the first digit of the series Y o, a;r’ =ra; +r > i, a;r
Because R is compact, R is compact (Thychonoff’s theorem). The map n: RY — R,
defined as (z;)ien — >0y 27 is continuous, so A,(R) is the image of a compact set
through a continuous map, therefore compact and hence an element of . By the Banach

fixed point theorem, F). has a unique fixed point in K; by (13), that fixed point is A,.(R).

4. A particular interval is also a fized point under the gap condition. Define

I = [rm T'M]

1—7"1—r

For each a € R,

r’m 2 M
ra+rl, = [ra—|— , Ta+ ],
1—r 1—r
SO
2 2
r°m r M
F.(I,) = U [ra+ T ra + 1—7‘]'
a€ER
The leftmost endpoint occurs at a = m and equals {7, and the rightmost endpoint

r M

occurs at a = M and equals . Moreover, if a < b are such that there is no point of R

1—7r
in (a,b), then the corresponding two intervals overlap provided

M 2 2

r°m r
> rb — b— <
1—r_r+1—r ( a)_l—r

ra + (M —m).

Since the largest such gap is A, the condition

r. s
1—7r"1-—5

A < min{ }(M —m) (14)
implies all adjacent pieces overlap, hence F.(I,) is a connected compact set with the
same endpoints as I, i.e. F,.(I.) = I.. Therefore I, is a fixed point of F.

5. Conclude A,.(R) = I,.. Finally, by uniqueness of the fixed point of F,. in K and since both
A, (R) and I, are fixed points, we get A,.(R) = I,..

Applying the same argument with s in place of r, and using (14) (which implies A <
“—(M —m) and A < 2= (M —m)), we obtain

1-r

4, (R) = | am=]m

1—s'1—3s

(15)

Step 2: the two-sided tail set is an interval.

it := A, (R) + A, (R).

i—1
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Since the Minkowski sum of intervals is an interval, we have

I 7[rm sm rM SM}
L I T L T )

Step 3: adding the center digit yields [Am, AM]. Using Sumsfs =R + Iiay1, we can
write

Sumsl?S = U (a + Tian)-
a€ER

Each set a + I, is an interval of length

r S

1—7’+1—s

Tl = ( )1 = m),

so adjacent pieces overlap whenever the gap between adjacent points of R is at most |Iiai].
But by (14),

Agmin{lL L}(M—m)g(

—r'1l—s

n s
1—r 1—s

)M = m) = |Fiaa,

hence all adjacent intervals overlap and the union is a single interval.
The left endpoint is obtained by taking a = m and the left endpoint of Ii,;:
rm sm

— A
Mttt T

and similarly the right endpoint is

rM sM
+

= \M.
1—r 1-—s

M +

Therefore Sums?fs = [Am, AM].
(2) The set Closure(R) is compact, has the same infimum and supremum as R, and satisfies

AClosure(’R) < AR
Hence, (Closure(R),r, s) is proper, and part (3) gives

r,s o
SUMSCjoure(r) = [Amn, AM].
Moreover, R” is dense in Closure(R)%, and the discounted-sum function is continuous because
its geometric tails converge uniformly on the bounded input domain. Therefore,

Closure(Sumsy”) = Sumsgfosurem) = [Am, \M].

A |
Lemma 8. Let (R,r,s) be an input setting, let 0 <t < n, and let v, = 7;;1 Snl__t:l . Then,
U (woun) € ;7% (won) + 71 mlinf R, sup R]. If (R, 7, s) is proper, then Closure(U;"*(wo.n)) =
Sy (wom) + v n[inf R,supR]. If, additionally, R is compact, then equality holds without
taking closures.
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Proof. Let m = inf R and M = supR. For every extension of wy.,, the unobserved
contribution to the discounted sum at time ¢t is

oo oo
E T + E 8" Ty
i=t+1 i=n—t+1

The sums of the corresponding coefficients are

o0
i ,r,t+1
E rt = 1
- T
i=t+1
and
o0 —
i Sn t+1
> &=
) 1—s
1=n—t+1

Since every unobserved value lies in [m, M], this proves
Utr’s(w&n) - S:’S('WO:H) + 'Vtr,’i [m, M].

Under properness, the closures of the two one-sided tail sets are, by the argument used in
Lemma 6,
P+l

1—r

[m, M]

and
n—t+1

1—s

S

[m, M].

Taking their Minkowski sum proves the stated closure equality. If R is compact, the two tail
sets are compact and already equal to these intervals, so equality holds without closure. <«

Theorem 10. Let (R,r,s) be a proper input setting such that R is compact and r + s > 0,
and let J == \"5[inf R,supR]. Let I be a target interval satisfying J NZ # O and J\ T # 0.
Then, for every t € N and every n > t, there exists w € R such that uz(t,w) > n.

Proof. Let m =inf R, M =supR, and fix t € N and n > t. Set

tH1 gn—tt1

_1—r+ 1—s "

The assumptions on the target imply m < M, and r 4+ s > 0 implies I' > 0. For each prefix
u € R™"! Lemma 8 and compactness give

U7 (u) = 57 (u) + Tlm, M].

These are closed intervals of the same positive length I'(M —m). As u ranges over all prefixes,
their union is exactly

Sumsp’® = J.

Choose a boundary point ¢ € J of Z at which membership in Z changes relative to J. Choose
points yi € J converging to ¢ from the side whose membership differs from that of ¢. For
each k, choose a prefix uy such that yx € U;"*(uy). If some U;*(uy) also contains c, it
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contains one accepted and one rejected feasible value, and we are done. Otherwise these
fixed-length intervals lie strictly on the side of y;. Their relevant endpoints converge to c.
Because R"*! is compact and the interval endpoints depend continuously on the prefix, a
limiting prefix has an uncertainty interval with endpoint ¢ and with positive length on the
side of the yi. This interval again contains both an accepted and a rejected feasible sum.
Hence the resulting prefix admits two completions with opposite exact verdicts. A sound
monitor must therefore remain inconclusive after observing through time n, so uz(t,w) >n
for any completion w of this prefix. |

Theorem 12. Let (R,r,s) be an input setting, let T be a target interval, let € > 0, and let
T € N. Define

TTJrl s‘r+1
T(R,r, 8,6, T) = min <{T€N:dn< +1 ) §25}U{00}>.
-8

1—7r

Then:

1. If 7 < oo, there exists an e-approrimately sound monitor that produces a verdict for
every t > T within T* steps.

2. Suppose that R = [m, M| with m < M, and write J = \"*[m,M]. If JNZ_. # 0 and
J\Zyc # 0, then, for every e-approzimately sound monitor and every T < T*, there exists
w € R% on which the monitor does not produce a verdict for time T after T steps.

Proof. Let m =inf R, M =supR, and dg = M — m.
(1) Upper bound. For 0 <t < n, define the interval enclosure

,r,t+1 SnftJrl
) = e n , M].
i) = 57" () + (1 + = ) b

By Lemma 8,
U[’S(wO:n) g Ct(wO:n)~

Consider the monitor that returns T if Cy(wo.,) C Zye, returns L if Cy(wo.,) NZ_. = 0, and
returns ? otherwise. The inclusion above immediately gives approximate soundness. Suppose
neither decisive condition holds. Then there are

AS Ot(wO:n) NZI_.
and
S Ct(wo;n) \I+6'

SinceZ_. = (L+¢,U—¢)and Z,. = (L —&,U +¢), we have |y — z| > 2¢. Consequently,
every enclosing interval of diameter at most 2¢ is decisive. At observation time n =t + T,
the diameter of the enclosure is

Tt+1 ST+1 ,],.T—‘rl ST+1
d <d
R<1—7‘+1—s> = R(l—r+1—s>

for every t > T'. The definition of 7* therefore proves point (1). When dg > 0and 0 < s < 1,
the defining inequality is equivalent to

2¢ T+l
™l < Bpi= (= — 1—s).
5 =27 (d'R 17‘>< 8)
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If By <0, no finite 7 satisfies it. If By > 0, the least nonnegative integer solution is
max {0, [log, Br] —1}.

The cases dg = 0 and s = 0 follow directly from the defining inequality.
(2) Lower bound. By affine rescaling, it suffices to prove the result for R = [0, 1]; the target
interval and e are rescaled by the same affine map. Write A = \™® and fix 7 < 7*. Set

TT+1 ST+1

I = .
1—r+1—s

Set
A=X-T.

By the definition of 7*,
I' > 2e.

TH+74+1

As wg.r4, ranges over [0, 1] , its observed discounted contribution at time T ranges

over the full interval [0, A]. For a prefix having observed contribution p € [0, A], compactness
and Lemma 8 give

UT(wO:T+T) = [pap + F]
Let Z = (L,U). Since

[0, A1\ Z1c #0,

there is a feasible definitely rejecting value either to the left of the target or to its right.

Suppose first that there is one on the left. Then L — ¢ > 0. The condition [0, \]NZ_. # 0
also gives L + ¢ < A. Since I' > 2¢, the interval

(L+e—-T,L—¢]NJ0,A4]

is nonempty. Choose p in this intersection. Then [p,p + I'| contains a point outside Z, .
and a point in Z_.. If the definitely rejecting value lies to the right, then U 4+ ¢ < X and
U — ¢ > 0. In this case

[U+e—-T,U—-¢)N|0, 4]

is nonempty. Choosing p in this intersection gives the same conclusion. Thus in either case
there is a prefix with two completions, one whose discounted sum belongs to Z_. and one
whose discounted sum lies outside Z, .. Approximate soundness rules out both T and 1L on
this prefix. Hence no approximately sound monitor can guarantee a verdict after 7 < 7*
steps. |

C Statistical Discounted Monitor

C.1 Remarks

» Remark 29. We emphasise that E;_1(X}) is a random variable (it depends on the realised
history up to time ¢t — 1), whereas E(X;) = E(E;_1(X})) is deterministic. This is the relevant
notion in monitoring: at time ¢ we evaluate a decision maker relative to the realised stream
(via Fi_1), rather than relative to a hypothetical “future” distribution.
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» Remark 30. The deterministic register bound 7* no longer applies automatically, because
the statistical interval contains the additional term f;’;(5). A register can be safely released
at time n whenever U;*(8; Wo.) C Zye or U*(6; Wo.,) NZ_. = 0. A deterministic sufficient
condition for release is 243;°, () + dr~;, < 2¢. For pointwise bounds this condition may
only be used at deterministic horizons; for data-dependent release one must use the local or
uniform bounds.

» Remark 31. The uniform bounds can be tightened up to constant factors by leveraging the
Lipschitz constant of discounted sum properties Lemma 4 to construct a grid of time points
on which to perform the union bounds.

» Remark 32. For the other soundness notions this pointwise optimality definition does not
apply directly, because local and uniform soundness require validity over stretches of time.
This allows one to trade tightness at one horizon against additional slack at another. Hence,
Theorem 15 is restricted to pointwise bounds. We only remark that the additional loglog
term in local and uniform bounds is known to be necessary in classical undiscounted settings
where V,, = 00, due to the law of the iterated logarithm [24].

» Remark 33. The implications of the impossibility result are particularly visible for the
expected discounted average, where according to Theorem 15 the statistical error for the
two-sided limit

L is (up to constants) 0] (\/% o2 (1 - 7")(1 - S)(l + 7"8) 10g(2/5)> )

(1_17.;%_5) (1+7)1+s)(1—7s)

And as r,s T 1, the normalized weights spread over an increasingly long effective window
approaching the limit average, and thus approaching 0.

C.2 Proofs

Basics. Here we define the distribution class, bounded range, and summable weight sequence
used throughout the appendix. Let D be the set of all probability distributions over R%,
where R C R is bounded and closed with @ = inf R, b = supR, and dg = b — a. Let w € R%
be a weight sequence such that ||w||; == )",; Jw;i| < 0o; hence also [|w||5 == >, ., wi < co.
Fix P € D and let X = (X;);ecz be the process with law P, adapted to the canonical past
filtration (F;)icz-

Expectations. We define the predictable target and the corresponding plug-in estimator.
We write E(-) = E(- | F;) for the expectation conditioned on the past and define the
predictable target and its plug-in estimator as

w(P) = ZwiEi—l(Xi) and  A(X) = ZwiXi-

1€Z i€EZ

Both sums are well-defined since X; € [a,b] and ||w]j; < oo.

Confidence intervals. We define the admissible confidence intervals and the minimax length
criterion. A confidence interval is a function I: R — Interval(R). For § € (0,1) define

Cl,(6) = {I

sup Pp (u(P) ¢ [(X)) < 5}.
PeD,

For x € RZ, let |I(x)| == supI(x) — inf I(x) and define the worst-case length ((I) =
Superz [I(x)|. Our objective is to bound the minimax length infrecy, sy £(1).
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KL-Divergence bound. This lemma gives a quadratic upper bound on the KL divergence
between two symmetric Bernoulli parameters.

» Lemma 34. Let z € (—1/2,1/2). Then

8x2
Dyt (34| 3-2) < 7=
In particular, if |x| < 1/4, then
2
Do, (b || §—2) < 22

Proof. A direct calculation gives

1+ 22 1-2x 1+ 22
1 1 _ (1 1 _
Dy, (§+x H §fz) = (§+x)log1_2xJr(ifas)log;l_i_mj 72xlog1_2$.
Because we have for z > 0,
1+ 2z S| 4 4

1 = du < <

1 2% /_Qx T+u™ =1 201422
we can bound the KL divergence as follows

82
1 1

D (3+2 |l 3-2) < 7=

If |x| < 1/4, then 1 — 422 > 3/4, which gives the second claim. <

Weighted sub-Gaussian lower bound. This lemma proves that every valid confidence
interval must have length at least the minimum of the range and sub-Gaussian scales.

» Lemma 35 (Bounded sub-Gaussian two-point lower bound). Assume that there exist x_, x4 €
R with x4y —x_ = 20. Then, for every d € (0,1/4) and an universal constant ¢ > 0.

,nf (1) > cmin (allewlly. ollwll>/108(2/3))
eCl,

Proof. If ||w|2 = 0, the claim is trivial. Hence assume ||wl|2 > 0. It suffices to consider
product measures supported on {z_,z,}. Let L :=log(1/(46)), B:==1V L, a == ||wl||2/VB,
and k := 1/8. Define

; 1 1
u; = Kksgn(w;) min <|1:| , 1) , pi = = + uy, gi = = — Uy.

Then |u;| < k < 1/4 and

2
w3
Eufgnzg — = k’B.
2
- — q
K2 K2

Let P, and P, be the product measures under which X; = x4 with probability p; and g¢;,
respectively, and X; = x_ otherwise. For every coordinate, the centred variable is supported
in an interval of length 20, and hence is o-sub-Gaussian by Hoeffding’s lemma. Thus
P,,P, € D,. Writing u, = pu(P,) and pq = p(Py), we get

_ s ]
zi:w,;(pifq,;) 4J;wluz4on;|wl|mm< , ,1).

by — gl =20
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Set A := ||w||; and C = |w||2v/B = ||w]||3/a. Using the elementary inequality

w?
me <|wz|, > > A+CC > %min(A,C),

we obtain

A= |ty = prg] = 205 min (], |w]2v/B) (16)

Next, by Lemma 34,

32 32 1
Dra(hlP) =3 D (y | § ) < 5 Sk < 5t = o

Suppose, for contradiction, that £(I) < A for some I € Cl,(J). Define the test ¢(X) =
1[pp € I(X)]. Since an interval of length less than A cannot contain both 1, and p,, coverage
of I under P, and P, implies Pp (p = 0) < and Pp (¢ =1) < 6. If L > 1, then B =L
and the Bretagnolle-Huber inequality gives

1 1
20 >Pp (p=0)+Pp(p=1)> 3 exp(—Dxr1(Py||Py)) > 56% =26,

a contradiction. If L < 1, then B =1 and Pinsker’s inequality gives

| Dxr(Ppl| Py) /1 1
P)< 22 pllfa) o/ - - Z
a) < 2 SV <3

Thus every test satisfies
1
Pr,(p = 0) +Pp,(p =1) 2 1 = TV(B,, ) > 5 > 23,
again a contradiction. Hence ¢(I) > A for every I € Cl,(d). Finally, since B = 1Vlog(1/(49))

is comparable to log(2/d) on § € (0,1/4), Eq. (16) yields the stated bound after absorbing
constants. <

Sub-Gaussian MGF bound. This lemma shows that the weighted estimation error is itself
sub-Gaussian with variance proxy o2 ||w||3.

» Lemma 36 (Sub-Gaussian MGF bound). For every P € D, and every X € R,

B exp (V) — n(P))] < exp (0% wl?).

Proof. For m € N define the truncations

i (P) = > willi_1(X5), i (X) =) wiX;, Sm = fim(X) — pm (P).
Then S,, = >0, w; (X; —E;_1(X;)). Since X; —E;_1(X;) is conditionally o-sub-Gaussian,

2,2 2
E [exp (Aw; (X; — E;—1(X;)))[Fi-1] < exp (A u;ia ) a.s.
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Tterating the tower property gives

2.2 m
E[e*™] < exp <)\20 Z wf) .

i=—m

Since ||lw]||; < oo, we have S, — (X)) — u(P) almost surely. By applying Fatou’s lemma
yields

2 2
E [ez\(ﬂ(X)—u(P))] < exp <>\20||w||§> :
<

Sub-Gaussian variance bound. This lemma converts the sub-Gaussian MGF bound into a
variance bound.

» Lemma 37 (Variance bound). For every P € D,
X i 2
Varp (U(X) —p(P)) < = Fllwl.

Proof. By Lemma 36, the random variable Y := [i(X) — u(P) is sub-Gaussian with proxy
variance (dg||w||2/2)?. For any centred sub-Gaussian Y with E[e*Y] < exp(A\202/2), differ-
entiating at A = 0 gives Var(Y) < o2. Applying this with 02 = (dg|w|2/2)? proves the
claim. <

Sub-Gaussian upper bound. This lemma constructs confidence intervals whose lengths
match the lower bound up to constants.

» Lemma 38 (Upper bound). For every 6 € (0,1),

. < .
Iegllf(é)£<l) < C min (dR||wH17O'H’lU||2 10g(2/5))

for a universal constant C' > 0.
Proof. First, the deterministic range bound gives the interval
Iing(x) = Z w;a + Z w;b, Z w;b + Z wW;ia
:w; >0 i:w; <0 :w; >0 :w; <0
Since E;_1(X;) € [a, b] almost surely, this interval covers p(P) for every P € D,. Its length

is dr||w||1. Second, by Chernoff’s method and Lemma 36,

52
S P (X)) — u(P)| >¢e) < 2e - .
s P (3(X) - u(P)] > €) < xp< 20_2Hw|%)

Choosing € = /202||w|[? log(2/0) yields the interval

2
Iy(x) = p(x) £ 1/ 202||wl3 log 5€ Cl,(d),

whose length is 21/202||w||3log(2/6). Taking the better of I,,s and Iy proves the claim. <
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Generic minimax theorem. This theorem combines the upper and lower bounds into a
minimax characterisation for weighted sums.

» Theorem 39 (Minimax confidence interval length). For every § € (0,1/4),

cm1n(a||w||1,a||w\| Vog( 2/5) inf  (( )§C’min(dR||w||1,cr||w||2\/log(2/5)>

IeCl,(5)
for universal constants 0 < ¢ < C' < 0.

Proof. Combine Lemma 35 and Lemma 38. |

Discounted sum minimax theorem. This theorem specialises the generic weighted-sum
minimax bound to finite discounted-sum weights.

» Theorem 40 (Specialisation to discounted sums). Fiz r,s € [0,1), a center time t €

{0,...,n}, and a horizon n > t. Consider the finite discounted-sum weights
wi_; =71 (i=1,...,1t), wy =1, Wi =5 (i=1,...,n—1), wi, = 0 otherwise.
Then
t n—t
lol3 =Y r*+> s =win,  llwlh = Zr + Zs =
i=1 i=0 i=1 i=0
Consequently,

co - min (onthE“(é)) < inf  sup Ep[|[I(Wo.n)|] < Cp - min (ant PEy é((5))
I€Cl;(8) PeD,

for universal constants 0 < ¢y < Cy < 0.

Proof. The identities for ||w||; and ||w||3 follow by geometric-series summation. For these
weights, (X)) = S;*(Wo.,) and u(P) = S;*(Wo.,). Moreover,

ol|lwl[2v/log(2/0) = y/20%w;"; log(2/8) = PE;;, (9)

where the constants are universal. The proof concludes by applying Theorem 39 and then
Lemma 41. <

Paper minimax theorem. This paragraph derives the paper’s minimax theorem from the
generic weighted-sum result.

» Theorem 15. Given an input setting (R,r,s) s.t. R contains an interval of length at
least 20. Fiz n € N and t < n. Consider the class D, of product measures on R"1
s.t. X; — E;_1(X;) is conditionally o-sub-Gaussian. We define: the set of all (1 — 6)
confidence intervals Cl,(8) for S;°*(Wo.n), d.e., all I : R™ ! — Interval(R) satisfying
suppep, Pw~r (S7°(Woum) € I(Wom)) < 6, |I| = supl — infI as interval length, and
Nm = Sty st There exist universal constants 0 < ¢g < Co < 00 s.t. § € (0,1/4)

co -min (on;, PE;, (0)) < inf  sup Ep [[I(Wo.,)|] < Co - min (drn;;, PE;(6)) .
: : 1€C1,(5) peD, : :
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Proof of Theorem 15. This is a direct instantiation of Theorem 39 (the weighted-sum
minimax theorem), with the finite-horizon discounted-sum weights

wi_g =71 wy=1, we=s, (i>1), wy = 0 otherwise on {0,...,n}.

For these weights,

t n—t t n—t
fwlf=3"r% + 3 s =, =Y+ > s =l
i=1 i=0 =1 P

and 0(X) = Sp°(Woun), u(P) = S;*(Wo.,). Substituting these identities into Theorem 39
yields the claimed bound. Finally, Lemma 41 identifies worst-case length with worst-case
expected length over the stated class, so the minimax statements match. |

Expected and worst-case length. This lemma shows that worst-case expected length and
worst-case pointwise length coincide when the class contains all Dirac measures.

» Lemma 41 (Expected vs. worst-case length). Fiz n € N and a distribution class D on
R0} that contains, for every € RI%"} the degenerate (Dirac) product measure Py
with Py(Wo.n = ) = 1. For any interval-valued map I : R1%"} — Interval(R) define

()= sup |I(@) then sup Ep[[I(Wo.)|l = €(D).
2eRA0,...n) PeD

In particular, for any constraint set Cl, (),

inf Ep [[I(Wy.n)|l = inf  £(I).
s 5 s Ep [[[(Won)ll = | inf o A1)
Proof. Fix I.

(Upper bound) For any P € D we have |I(Wy.,,)| < £(I) almost surely, hence Ep[|I(Wo.,,)|] <
£(I). Taking the supremum over P gives

sup Ep[|I(Woun)[] < £(1).
PeD

(Lower bound) For every € > 0 choose . with |I(x.:)| > ¢(I) — ¢ by definition of the
supremum. Since P,_ € D and Wy, = x. a.s. under Pp_,

Ep, [H(Wo:n)[] = [I(ze)| = €(I) — €.
Thus suppep Ep[|[I(Wo.,)|] > €(I) — ¢ for all € > 0, so letting £ | 0 yields

sup ]EP“I(WOn)” 2 E(I)
PeD

Combining both bounds gives equality. The minimax identity follows by taking inf;ecy, (5. <
Soundness of tail completion. This lemma shows that finite-sum coverage lifts to infinite-
sum coverage after adding the deterministic discounted tail.

» Lemma 42. Let (R,r,s) be an input setting and let T' == [inf R,supR]. For everyt € N
and n >t {S;*(Wo.n) € Ly (8; Won) } € {S;*(W) € Uy*(6; Wo.n) }. Consequently,

P (S (W) € U™ (6; Won)) = P (S° (Woin) € Z{7° (85 Woun)
P(Vn>t: SP*(W) e U (6;Wom)) =P (Y >t: S;°(Woun) € Z0° (6; Woum)) »
P(Vt e NVn >t: S;*(W) € U (8; Wo)) > P (VE € NV >t : Sp*(Wo) € L% (0; Woun)) -
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Proof of Lemma 42. Fix t € N and n > t. Write the infinite expected discounted sum as
the finite observed part plus the unobserved tails:

SPEW) = S7*(Wom) = Y r'Beia(Xeei) + Y s'Bagia(Xepa).
i=t+1 i=n—t+1

Since X}, € R almost surely, also E;_1(X%) € T’ almost surely. Hence
oo (oo}
S (W) — S (Woum) € ( oot ) 31> I =n0s-T.
i=t+1 i=n—t+1
Therefore, whenever Sy*(Wo.,,) € Z;"*(8; Wo.,), we have
S:’S(W) S I:’S(é; WO:n) + ’V:”,j -I'= L{[’S(é; WO:n)~

This proves the event inclusion. The pointwise, local, and uniform inequalities follow by
applying the same inclusion respectively for fixed (¢,n), for fixed ¢ and all n > ¢, and for all
te Nand all n > ¢ <

Pointwise soundness. This lemma gives a fixed-time confidence interval for the finite
expected discounted sum.

» Lemma 43. Let (R,r,s) be a input setting. Then for every 6 € (0,1) and all n € N,
te{0,...,n},

P (S:’S(W()m) € Sy (Won) + BZZ(&)) >1-4, :2(6) = ,/202w£’fl log(2/0).

Proof of Lemma 43. Fix n € Nand t € {0,...,n}. Define weights (wy)}}_, by
wi_s =71 (i =1,...,1), wy = 1, wip ;=5 (i=1,...,n—t).

Then

n

i (Wown) = Si°(Wown) = Y wi (Xx — Ex—1(X5)) -
k=0

By Lemma 36 applied with sub-Gaussian proxy o in place of dg, for all A € R,
E ( exp )\];)wk(Xk —Er-1(Xk)) ) | <exp 302211’13 .

Chernoff’s method gives

52
P (S;" (Wown) = Sp* (Wou) 2 €) S exp | —55em—3 | »
(St (Wown) = S (Woun) > €) —eXp< 2023 ko w%)

and the same for the left tail. Using > ;_jwi = w;,; and setting e = /202w;", log(2/0) =
Bin(0) results in P(|S — S| > B, (6)) < 6. <

t,n
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Local soundness. This lemma gives an anytime-valid confidence interval over all horizons
n >t for a fixed center time ¢.

» Lemma 44. Let (R,r,s) be a input setting, t € N and § € (0,1). Then:

P(Vn>t: S7*(Wom) € S7"(Woum) £ 80 (8)) > 1—34,

Bin(8) = k1 \/VtrnS (2 log (logy (V7)) + 1) + log (%))

where V/'7 = max(1,0%w;’y) and ky = 2Y/4 +271/4/\/2.

Proof of Lemma 44. Let S, = S;*(Woy.n,) — S;7° (Wo.n ). For fixed ¢, define weights wl(f) by

wg?i:ri forizl,...,tandwt(i)i:si for i > 0. For m > 0, let

Then (Spm)m>0 is a martingale with conditionally o-sub-Gaussian increments, i.e.,

n

s ._ 2 2| _ 2 75
Vi = max (1, o E wk) = max(1,0%w;,)-

k=0

Then for every n > t, S, = S;*(Wo.n) — S;*(Wo.n), we apply the stitched sub-Gaussian
uniform boundary of [24, Thm. 1] with n = 2, m = 1, and h(j) = a(j + 1)? where a = 72/6,
and union bound the two one-sided boundaries, splitting § into §/2, to obtain

P(VYn>t: [S,] < Bn(0) >1—36,

with 3, (6) exactly as stated after substituting V;';’. Finally, |S,| < 8;’; () is equivalent to
S:?S(WO:W) € Szﬁs(WO:n) + BtT:VSL(é)~ <

Uniform soundness. This lemma obtains simultaneous coverage over all center times ¢ and
all horizons n > t by a union bound over the local guarantees.

» Lemma 45. Let (R,r,s) be a input setting and 6 € (0,1). Then:

P (Vi e NVn > t: S7*(Wom) € S;*(Wom) £ 810 (6)) > 1-34,

in(0) =k \/V;Tf (2 log (logy (V) + 1) + log (%)) where &y ==

60
T2t + 12

where V7 = max(1,0%w;’,) and ky = 21/4 1 2-1/4//2.

Proof of Lemma 45. This follows directly from a simple union bound.
P (Vt € NVn > t: S;*(Wo.) € Sp° (Won) + ﬂ:i(é))
=1-P (3t eNIn>t: S (Wowm) € Si”° (Wom) £ B0 (0))

>1- P (In>t: SP°(Wom) € Si°(Wown) £ 81 (6))

t=0
t=0 t=0
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Paper soundness. This paragraph derives the paper’s statistical soundness theorem from
finite-sum coverage and tail completion.

» Theorem 14. Let (R,r,s) be an input setting, T = (L,U) a target interval, € > 0, and
d € (0,1). Consider Algorithm 1 where a register for time t is released at a fixed (n) or at a
flezible (U (0; Woun) C Zye or U°(6; Woun) NZ_. = () observation horizon. Then

(i) if Bin(6) = PE,(8) the monitor is pointwise (g, 0)-approx. sound for fized release;

(i) if B{n(0) = LE},,(6), the monitor is locally (g,)-approx. sound for flexible release;
(iii) if B; 7 (0) = UE{,,(9), the monitor is uniformly (,6)-approx. sound for flexible release.

Proof. By Lemmas 43, 44, and 45, respectively, the intervals Z;"*(§; Wy.,,) cover the finite
expected discounted sum S;*(Wj.,,) with the pointwise, local, and uniform guarantees. By
Lemma 42, the corresponding tail-completed intervals U, (0; Wy, ) cover the infinite expected
discounted sum S;** (W) with the same type of guarantee. On this coverage event, if the
monitor outputs T, then S;*(W) € U;"*(§; Wy.p,) € Z.. If the monitor outputs L, then

Syt (W) €Uy (0;Woim) and U (63 Wo) NI =0,

and therefore S;*(W) ¢ Z_.. This is exactly the required statistical approximate soundness.
The pointwise case applies only when the verdict horizon is fixed in advance. <

D General Discounted Properties

D.1 Synchronous vs Asynchronous example

In Table 1, we show an example of a sequence of events with two types, to illustrate the
evolution of the values and the corresponding asynchronous discounting.

[1a To,+i
[la 2,0 0 1 2 2 2 3 3

Table 1 Excerpt of an event sequence, with the corresponding values and discount factors.

i 0 1 2 3 4 5 6 7 8..

e 11 1 00 1 0 0 O 1.

e /Do 11 00 o0 O 1.
211 1 0 0 1 0 0 0 1.

2 1o 0o 1 1 0 0 0 0 1..

[1s =2, ]0 1 2 3 4 5 6 7 8.
0 1 1 2 3 4 5 5 6..

4.

E Register Complexity of Discounted-Sum Monitoring

Theorem 25. For every monitoring instance P, there is an ARM M with 7(P)+1 registers
such that L(M) = L(P).

Proof. Let 7 = 7(P). We construct an ARM M = (R,Y, Q, qo, 0, A) Let Y = {yo, ..., yr—1,p},
where o, . . ., y,r_1 store running sums for pending positions, and p tracks r"*! before reading
the nth input. Let @ = {¢. : 0 < ¢ < 7}, where ¢ counts how many positions are currently
pending, capped at 7. The initial location is g with vy(y;) = 0 for all ¢ and vy(p) = 7.

From location g, on input z € R, M applies the parallel update p < rp, yo < ryo + =,
and yo ¢ yo—1 + 5% for a € {1,...,min{c,7 — 1}}, and moves to ¢minfct1,7}- In location
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q-, before applying the update above, M tests whether the oldest pending position t can
be resolved using the current input x. At this step ¢ = n — 7, and by the maintained
invariant p = ! and y,_; = S % (zo:447—1).- Thus the completed truncated value is

-7

Vi=y,_1+sz = S, (xo:44,) Writing 65 := %, we define k., := if r >0, and

Krr := 0 otherwise. Since t =n — 7 and p = "1, we have 6,(t) = % = Kyrp. Therefore,

M includes in ¢, a self-loop guarded by V> L —e AV + K, -p < U 4+ € — d¢, and blocks if
the guard fails.

By induction on n, just before reading z,, we have p = r"*! and for every age a <
min{n, 7}, yo = S, %, _.(To.:n—1). In particular, in ¢, the guard is satisfied iff U;"*(z¢.¢4-) C
Z.c for t =n — 7. Hence M blocks on an input stream exactly when some position violates
the monitoring condition, and therefore L(M) = L(P). <

Lemma 27.  For every k > 1, the monitoring instance Py satisfies 7(Pr) = k and
L(Py) ={x€[0,1]* |Vt >0: VF(z) < Ty}

Proof. By Theorem 12, 7(Py) = 7*([0,1], 0, 3, 21 0) = [log1/2(2_(’“+1))—‘ —1=k.

Since r = 0, for every ¢t > 0 we have 53’1/2(x0;t+k) = Zf:o 27wy = VF(2). The residual

k+1
uncertainty after observing k& future symbols is 70,1/ 2= (1/2)

_ ok s
itk = o177 = 2~ %. Hence the condition

Uto’l/2(x0;t+k) C (0,1)1 with ¢ = 2=*+1) ig equivalent to —e < Vf(z) < 1 +¢ — 27

The left inequality is trivial because V¥(z) > 0, and the right inequality simplifies to
ViF(z) < 1 —27*+D = T} Therefore x € L(Py) iff VF(x) < Ty for all ¢ > 0. <

Theorem 28. For every k > 1, there is a future-only monitoring instance Py such that for
every ARM M with 7(Py) — 1 registers we have L(M) # L(Py).

Proof. Let k > 1 and P}, be the monitoring instance defined in Section 5. For brevity, write
V; := V}¥ and T := Tj. Suppose toward contradiction that there exists an ARM M with
m :=k — 1 registers such that L(M) = L(Py).

Let us record two identities that follow from te definition of the monitoring instance P.

For every t > 0,

Vi(z) = 20+ $Vigpa () =27y gy, (17)
k-1

Vi(a!) = Vi(z) = > 270D (@) —zi)  (0<j<k—1), (18)
i=j

whenever x; = z for all i > k.

Fixed control paths. For a length-k transition sequence 7 of M, let C C [0, 1]* be the set
of input prefixes u = (ug, ..., ug—1) such that, during the first k steps while reading u, the
machine executes exactly the transitions of 7. Unrolling M along 7 shows that C; is the
intersection of [0, 1]* with finitely many strict affine half-spaces, hence is relatively open in
[0,1]%. Tt also yields for each 7 a matrix A, € R™** and a vector b, € R™ such that for
every u € Cy, the register valuation after k steps is A u + b,. Since m =k — 1 < k, every
matrix A, has a nontrivial kernel.

32:37
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Near-boundary prefixes and an anchor word. Let o := T/2. For 0 € (37/4,T], define
u(0) € R* by setting u;(0) = 0/2 for 0 <i < k —2 and u_1(0) = 0 — L. All coordinates of
u(f) lie in (0, 1), so u(#) € (0,1)".

We first note that for every < T the word wy := u(0)-«-0* belongs to L(Py). Indeed, for
every j € {0,...,k—1} we have V;(wy) = 6. For j = k—1, the window contains uy_1(#) with
weight 1 and o with weight 1/2, so Vi_1(wg) = (0— L)+ 1-LZ = 6. For j < k—2, the symbol
at position j + k + 1 is 0, so Equation (17) gives V;(wg) = u;(6) + Vi1 (we) = § + 26 = 6,
by backward induction from the case j = k — 1. Moreover, for ¢ > k, the only possible
nonzero symbol still visible is the single letter « at position k, hence Vy(wg) < a=T/2 < T.
Therefore wy € L(Py) whenever 0 < T

Next, we use the prefix u(T") to fix a control path. Let @ := u(T) - 0¥. Again, © € L(Py):
we have Vi1 (#) = T—% = 3L < T, and for j < k—2, we have V;(d) = u;(T)+ 3 V;41(d) <
Z + 1T =T by backward induction, while V;(#) = 0 for all t > k.

Since W € L(Py) and M recognizes L(Py), the run of M on & is infinite. In particular,
while reading the prefix u(T") during the first k steps, the machine follows some length-k
transition sequence 7*.

An invisible perturbation inside one control cell. Consider the transition sequence 7*
above. Let O := Cy. N (0,1)* be the set of length-k prefixes that force the first k transitions
of M to be exactly 7*. Since O is open in R* and u(T") € O, there is a neighborhood of u(T)
in which the control path is stable: Let n > 0 be such that the open ball By (u(T'),n) :=
{weRF: ||v —u(T)||oo < 1} satisfies Boo (u(T),n) C O.

Choose any nonzero vector d € ker(A,«). Intuitively, d encodes an “invisible” direction for
the register valuations after k following 7*. Let j be the largest index such that d; # 0, and
replace d by —d if necessary so that d; > 0. Let Apin := W and § := min{n/2, T'/4}. We
pick A such that 0 < X < min{Amin, 26/d;}, and define § := T — 2% Then, § € (T —6,T) C
(3T/4,T), so u() is well-defined.

By the explicit form of u(-) we have ||u(0) — u(T)||eo = |T — 0| = % < § <n/2, and
therefore u(0) € Boo(u(T),n/2). Also, |Ad|lco < Aminlld||co = 1/2, s0 [|u(0) + Ad — u(T) |00 <
[lw(8) — w(T)||oo + ||Ad|lc < m, which implies u(0) + Ad € B (u(T),n) C O.

Let u := u(f) and v’ := u + Ad and define w := u-a -0 and w’' :=«’ - o - 0. Because
u, v’ € Cr+, the runs of M on w and w’ take the same first k transitions. Moreover,
u' —u = Ad and d € ker(A+), so the register valuations after k steps coincide. Since the
suffixes from position k onward are identical, determinism yields w € L(M) iff w’ € L(M).

Contradiction. Since § < T, the construction above gives w € L(P). On the other hand, w
and w’ agree at all positions ¢ > k, so Equation (18) yields V;(w')—V;(w) = A Zf:_jl 2-(=9) g,
By the choice of j as the largest index with d; # 0, we have d; = 0 for all ¢ > j, and therefore
Vi(w'") — Vj(w) = Ad;. Since V;(w) = 6, it follows that V;(w’) = 6 + Ad; > T by the
definition of 6. Hence w’ ¢ L(P),). However, since we assumed L(M) = L(P}) and showed
that w € L(M) iff w’ € L(M), we obtain a contradiction. <

F  Further Experimental Evaluation

Because of space restrictions, we include extra experiments supporting our evaluation in this
appendix.
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Figure 3 Normalized active registers and discounted values, MNIST dataset.

F.1 RQ1: Resource Usage

In addition to the experiments with PowerData traces, we also test our monitors for resource

monitoring classification accuracy of a neural network trained on the MNIST digit dataset.

In particular, we are interested in how the monitoring evolves under a shift in the underlying
distribution.
For MNIST, we train a neural network on the training set and generate a trace of length

10000 by sequentially sampling test instances, recording whether each prediction is correct.

Thus, R = {0,1}, with discount factors fixed to r = s = 0.95, target interval Z = [0.96, 1],
and tolerance € = 0.001.

We induce distribution shift by adding Gaussian noise with time-increasing variance
o(t) to the test inputs; the parameter max_noise controls the final corruption level. As
shown in Fig. 3(a), increasing noise leads to reduced register usage. Figures 3(b) and (c)
illustrate a representative execution, plotting the number of active registers and the monitored
discounted accuracy, respectively. As accuracy degrades over time, the monitor can more
quickly conclude violation, requiring fewer active registers. Consistent with the PowerData
results, using only 70% of the theoretical register budget would still be mostly sound.

F.2 RQ2: Monitoring Demographic Parity

To further investigate RQ2, we monitor demographic parity on the Adult dataset with
a fixed tolerance ¢ = 5 - 107° and decreasing interval width. As before, the input set is
R ={0,1} and we again fix r = s = 0.95. We report the results in Fig. 4, with the same
format Fig. 2, for the demographic parity property (Ex. 3) with the synchronous (blue)
and asynchronous (green) interpretation. As expected, and validating the results on Fig. 2,
synchronous interpretations are significantly more efficient than asynchronous ones, since
discounting is applied uniformly across streams rather than independently.

F.3 RQ3: Statistical Monitoring Behaviour

Our objective is to assess the behaviour of the statistical monitor during deployment. Since
the statistical uncertainty intervals do not converge to width zero, the main question is power,
i.e., whether the monitor eventually produces a decisive verdict. To evaluate this question,
we use a synthetic piecewise-stationary Beta process. We use synthetic data because the
evaluation requires access to the ground-truth expected discounted average.

Setup. The Beta process consists of four phases, each spanning 150 time steps. At each time
index, the observation X; is sampled independently from a Beta distribution parametrised
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Figure 4 Active registers when monitoring demographic parity with variable target interval width,
Adult dataset.

Stochastic Beta process with piecewise-stationary phases
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Figure 5 Four-phase Beta process Beta(a,b). The figure shows the realised observations X,
the latent mean process P;, the observed discounted average S;*(W)/A™°, and the oracle expected
discounted average S;*(W)/A™°. The shaded background indicates the four Beta phases.

by (a,b), where (a,b) = (1,9), (5,5), (8,2), (4,6). The corresponding phase means are
approximately 0.10, 0.50, 0.80, and 0.40. We use a uniform upper bound on the conditional
sub-Gaussian norm of approximately ¢ = 0.15. The monitor observes only the realised
samples X;, while the latent process P, = E;_1(X}) is used only for evaluation.

We monitor the expected discounted average S;*(W)/A"* where A™* =1+ = + .
In the experiment, r = s = 0.95, so \™»® = 39. The target interval is I = [0.4,0.6], the
tolerance is € = 0.05, and the error probability is § = 0.01. Thus, positive verdicts are sound
with respect to I;. = [0.35,0.65], while negative verdicts are sound with respect to the
complement of I_. = [0.45,0.55].

We use the process depicted in Fig. 5 to evaluate the pointwise, local, and uniform
statistical error bounds. Since r = s = 0.95, the discounted average is strongly smoothed:
near phase boundaries, it blends past and future phases instead of following the latent mean
instantaneously. The figure therefore illustrates the main purpose of discounted monitoring;:
it suppresses single-sample noise while still reacting to changes in the local behaviour.

Important: In the experiments below, we also use flexible release with the pointwise
bound. This is for demonstration purposes only: the goal is to visualise how the
statistical uncertainty intervals evolve over time, independently of the choice of a fixed
release horizon.



F. Cano, T.A. Henzinger, K. Kueffner, and N.E. Sarac

Verdict timeline heatmap (T inside / ? uncertain / L outside)

Pointwise Local Uniform

t=171

=205 -

=239

=273

=307

=341 |

=375

=409

=443 -

=477 -

t=511 -

=545 |

=579 4

T T T T T 1 T T T T T 1 T T T T T
o 100 200 300 400 500 600 0 100 200 300 400 500 600 0 100 200 300 400 500 600
Observation step n Observation step n Observation step n

Figure 6 Monitor verdicts. Rows correspond to monitored time indices ¢, columns to observation
horizons n, and colours encode the verdict: T for inside, 1 for outside, and ? for inconclusive.

Monitor verdicts. We first assess how many observations are required before each monitored
time index t receives a decisive verdict. Fig. 6 shows the resulting verdicts for the pointwise,
local, and uniform statistical error bounds. The observed behaviour matches the phase
structure of the process. Time indices centred in the low and high phases tend to receive
negative verdicts, while time indices centred in the middle phases tend to receive positive
verdicts. Around phase boundaries, verdicts are delayed or remain inconclusive because the
discounted average mixes information from neighbouring phases.

The number of inconclusive verdicts increases with the strength of the soundness guarantee.

This is also visible in Fig. 7, which overlays the statistical uncertainty intervals with the
resulting verdicts. Pointwise intervals are the narrowest, local intervals are wider because
they permit flexible release over all horizons n > ¢, and uniform intervals are widest because
they protect all monitored time indices simultaneously. Consequently, pointwise verdicts
tend to appear earliest, while uniform verdicts are the most conservative.

Statistical uncertainty interval evolution. We next decompose the half-width of the
statistical uncertainty interval. Fig. 8 shows that the deterministic tail error decreases

as the observation horizon n grows, because more future observations have been revealed.

The statistical error term, in contrast, increases toward its limiting value, since more noisy
observations enter the discounted estimate. Thus, the total uncertainty is governed by a
tradeoff: waiting reduces deterministic tail error, but exposes the estimate to its limiting
statistical error.

Fig. 9 shows the statistical uncertainty interval at the time of the first decisive verdict
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Figure 7 Evolution of pointwise, local, and uniform statistical uncertainty intervals. The figure
fixes several monitored time indices ¢t and shows how the uncertainty interval evolves as more
observations n > t become available. The solid line is the observed discounted average, the dashed
line is the finite expected discounted average, and the horizontal red line is the oracle expected
discounted average.

and at the end of the run, assuming that the register is never released. This highlights the
tension between statistical certainty and resource consumption: delaying release may reduce
the deterministic tail error, but it also keeps registers active for longer and cannot remove
the limiting statistical error.

Monte Carlo violation rates. We use a Monte Carlo simulation with 1000 repetitions to
evaluate the coverage of the statistical uncertainty intervals, the verdict frequency, the verdict
delay, and the verdict correctness. Table 2 reports Monte Carlo averages with standard
deviations over independent runs. The first block uses the setting of this section. The second
block uses a lower-variance setting, where all Beta parameters are multiplied by 10, i.e.,
Beta(10a, 10b), giving a sub-Gaussian norm upper bound of approximately o = 0.05. We
report the average statistical uncertainty interval violation rate, both pointwise over all (¢,n)
pairs and run-wise as the fraction of runs containing at least one interval violation. We also
report the fraction of monitored time indices that eventually receive a decisive verdict, the
average release delay n — t, the fraction of incorrect first verdicts among released verdicts,
and the fraction of runs containing at least one incorrect verdict. The statistical uncertainty
intervals are conservative in these experiments. Only the pointwise bound exceeds the
nominal error probability in the run-wise interval violation metric, which is expected because
pointwise soundness does not protect flexible release or whole-run events. Compared with
the lower-variance setting, the higher-variance setting issues fewer verdicts and has larger
release delays. Across all configurations, incorrect verdicts are rare.

F.4 RQ4: Statistical Uncertainty Intervals

Our objective is to assess how the parameter choices affect the half-width of the statistical
uncertainty interval. For all experiments in this subsection, we set the past discount factor
to zero, i.e., ¥ = 0, and monitor the expected discounted average. If not explicitly state we
set the error probability to § = 0.01.
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Figure 8 Uncertainty half-width decomposition. The figure decomposes the half-width of the
statistical uncertainty interval into the deterministic tail term dR'y; > and the statistical error term

L (0).

t,n

Convergence behaviour. In Fig. 10, we study how the statistical error term and the
deterministic tail error converge to their limiting values. We vary the future discount factor,
the sub-Gaussian norm, and the soundness notion. Higher sub-Gaussian norms lead to larger
statistical error terms and therefore wider statistical uncertainty intervals. Larger future
discount factors spread the normalised weights over a longer effective window, which reduces
the limiting statistical error for the discounted average. At the same time, larger future
discount factors increase the deterministic tail error for finite observation horizons, so more
observations are required before the tail error becomes negligible.

Limit behaviour. In Fig. 11, we study the limiting statistical error bound as a function of
the future discount factor. The error probability has a comparatively small effect relative to
the sub-Gaussian norm. Decreasing the error probability increases the bound logarithmically,
while increasing the sub-Gaussian norm increases the bound directly. The bounds become
practically useful mainly for large discount factors close to 1, where the discounted average
aggregates over a longer effective window.

Uniform soundness. In Fig. 12, we study the effect of the monitored time index ¢ on the
uniform statistical error bound. The uniform bound uses a time-dependent error budget,
and therefore increases with t. As expected, the increase is logarithmic in the monitored
time index.

32:43

CONCUR 2026



32:44 Monitoring Discounted Sum Properties

Stochastic Beta process with verdict-time uncertainty intervals

Pointwise soundness

. Observation X;  ««-x Empirical discounted sum é, —- True discounted expected sum S; ~ Cl at verdict / smallest CI Target / =[0.35,0.65] Buffer ££=0.05
—— Latent bias Py

0.8 . o

06 +reid iuuu i T ] T r——
5° o I mwlummn I uum.w.mmmM L ‘uuml‘wm 1l mu u m i
~ 7 SR ...
e o I \uul\\\l\“ H h1“\”‘H“HNN”“H‘ N ““ \H Il H Hull ‘H\I\ “ . N u\lumuum\m'mmlwulmlhummummm )

I s |
o ‘u. ’ H” LIRS el m ‘l u.unmm\l‘ |W| : V S ¢
i “‘\I\H T ‘M ]
0.0
’ " " Local soundness " " "
1.0 4
0.8 4
ey et " N .
o . TN il
2 ww Q ) . SN . “\\Hl““““l\ul\wm‘ = L
TR AR Y WWWWWWW i i - - | HEdH e
I l i . . e * k N . e - .
0'2-‘, LLLAY —.‘.,. el LT '4“"‘ . ) : K )
00 R e ‘-_...o‘a. il .,.-“.‘n. -

Uniform soundness

1.0 A .
", il uluuu hu LTI
0.8 4 . .o g
o ~ \I“‘I\“‘r”“\‘\”m|\ um\\h|m|\“\|M|dqu\H"‘uﬂmM‘ ‘
| \“ HH A m i W : 1 YN Ul thﬂ HH el I ” _______________________________
Ll uuulwnuwnmwuumwmiwm‘ SRS i i \
“o I, \IH \|N|H“|M|W|W“‘HNWW'W‘H\Ww‘Hl\w“\mlﬂ . } . ‘1ulmlmmlwuuuulm_\\\|\\\lu\rmmummw 'u m.‘.w WNH H\ ,,,,,,
‘HWHWHW””W“H““ ”HHNWMWWHMMHWW “H”““m“HH"H\IW : L R
0.2 [ . o : 5 5 °2° 8%
I m I ‘.ﬂ.mmmm\\m' : :
i m )y wu\ I |m|u i =
0.0

lDO 200 300 400
Time step t

Stochastic Beta process with verdict-time uncertainty intervals

Pointwise soundness

- Observation X; =« Empirical discounted sum S, —- True discounted expected sum S, Cl at verdict / smallest C| Target /= [0.35,0.65] Buffer +£=0.05
—— Latent bias P,

|“' . . A NN”I ‘MI “ \m J

i I
WAoo
) " " Local soundness " " "
1.0
0.8 —
P
LS L i . B ! | N
s 0.6 Lo . oo i - . ' 3 s . . . s
) . 4 . .
= 04 w‘ - SR . . i —
i —— e PRSI Ll
By . ¥ oo . .~ - ARSI |
0.2 i o . &8 L . PN |
RN S ey i
o0 JESBCA ARG TA
" " Uniform soundness " " "
1.0 e . 2
Lo B A
ER T T
0.8 -
WaL \mmumhhm\lh|MHhIH\‘idmh\| =
AL u uu L it U SO S D" | | | N—
g il \I‘ ““ i i
e S : “|u|HHI\u|uu““ ul\ i \Im| H\h”n il u\m
o. . L) LR

Ph2 Ph3 Ph4
u=0.50 1=0.80 1=0.40
100 200 400 500 600

300
Time step t

"' Figure 9 Statistical uncertainty intervals at the point of first decisive verdict and at the end of
the run.



F. Cano, T.A. Henzinger,

0= 0.1 pointwise

Half-width

Convergence of uncertainty width [average, log-linear]

0=0.1]local

K. Kueffner, and N.E. Sarac

0= 0.1 uniform

0= 1.0 pointwise

10° 10! 102 10° 10°

0=10]local

Half-width

0= 1.0 | uniform

10°

T T T T T
10° 10! 102 10° 10° 10° 10! 102 10°

Observation step n

Observation step n

T
10°

T
10! 102 10%
Observation step n

T
10°

32:45

future_discount

component

— total

== statistical

Figure 10 Convergence of the error components to their limiting values. The figure shows different
sub-Gaussian norms (rows) and future discount factors (hue) for each soundness notion (columns).
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Figure 11 Effect of the future discount factor on the limiting statistical error bound for different
error probabilities § (hue) and sub-Gaussian norms o (style). To visualise the effects, the axis scales
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Figure 12 Effect of the monitored time index on the uniform statistical error bound. The left
plot shows the effect on a log-log scale for different discount factors (hue) and sub-Gaussian norms
(style). The right plot shows the same effect on a linear scale for one representative parameter choice.
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Table 2 Aggregate statistics of the Monte Carlo experiments with 1000 repetitions. Coverage:
Interval viol. is the fraction of statistical uncertainty interval violations; Any interval is the fraction

of runs with at least one statistical uncertainty interval violation. Release: Released is the fraction

of monitored time indices that receive a decisive verdict; Delay is the average release delay. Verdicts:
Wrong rate is the fraction of incorrect first verdicts among released verdicts; Any wrong is the
fraction of runs with at least one incorrect verdict.

(a,b) Coverage Release Verdicts

Sound. Interval viol. Any interval Released Delay Wrong rate Any wrong
Pointwise  0.000 £ 0.003 0.021 £ 0.143 0.924 + 0.014 21.279 + 0.920 0.000 £+ 0.000 0.002 £ 0.045
Local 0.000 £ 0.000 0.000 + 0.000 0.877 £+ 0.025 24.204 £+ 1.067 0.000 £ 0.000 0.000 % 0.000
Uniform 0.000 £+ 0.000 0.000 £ 0.000 0.662 + 0.024 33.304 &+ 1.436  0.000 £+ 0.000 0.000 £ 0.000
(10a, 10b) Coverage Release Verdicts

Sound. Interval viol. Any interval Released Delay Wrong rate Any wrong
Pointwise 0.000 &£ 0.002 0.014 4+ 0.118 0.958 4+ 0.002 14.372 £ 0.178 0.000 £ 0.000 0.000 £ 0.000
Local 0.000 £ 0.000 0.000 £ 0.000 0.955 4+ 0.002 15.277 £ 0.191  0.000 £ 0.000 0.000 £ 0.000
Uniform 0.000 & 0.000  0.000 4+ 0.000  0.944 4+ 0.003 18.335 £ 0.243 0.000 £ 0.000 0.000 £ 0.000
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